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1. Introduction

Nonlinear conjugate gradient methods (NCG) are well-known and practicable
methods that minimize the large-scale unconstrained optimization problem:

min f(x). (1)

xeR"

The classical conjugate gradient methods with line searches are as follows:
X1 = X + akds (2)

where oy is the step length of a line search and the directions dj are given by

i G
dkr1 = —gk+1 + Brdk, Vk >0,

where gk =g(xx) = Vv f(xx) and Bi is a scalar. In order to guarantee the
global convergence property of the NCG methods, the descent property or the
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sufficient descent property is necessary and important [1], namely,

dla—l gk+1 < 0  (the descent property) (4)

dZH Gkt1 =< —co||gk+1||2, co > 0 (the sufficient descent property). (5)

However, unlike the quasi-Newton methods, in general the NCG methods may
not meet the descent or the sufficient descent property for inexact line searches.
By applying the symmetrical technique [8] to conjugate gradient methods, a
symmetrized conjugate gradient method satisfies the property (5) for any line
search. It is introduced here, and this idea can also be applied to other conjugate
gradient algorithms.

2. Application of the symmetrical technique to conjugate gradient
methods

According to Perry’s notation [9], for the HS conjugate gradient method with
the CG update parameter B [7],

by = Vi gk+1
di vk
the line search direction, di. 1, can be rewritten as follows:
dr+1 = —Dry18k+1> (6)
with
dkyT skyT
Dk+1:(—T—k = (1-%x), 7)
di Yk Sk Yk

where s = Xxpr1 — Xk = Akdi Yk = Zk+1 — £k and the matrix Dy is called a
conjugate gradient iteration matrix. For a general NCG method, if its conjugate
gradient iteration matrix is a symmetric positive definite, then it immediately
satisfies the sufficient descent property (5).

Since Dyy; may not be a non-symmetric positive definite matrix, dy; may
not satisfy the descent property (4). To guarantee the descent property, the
symmetrical technique [8] is applied to Dj .

First, the sequence {Cx} is introduced as follows:

dyT dyT
C=1- E” Cokt1 = Gy — d_TyCZk’
and
G+ cr G + C2Tk+1
G = — Coky2 = B —

Set Ex = Cyi, ux = Exy and uy = Egy = Iy, thus,
ldu{ + wd”

Eiy1 = Ex —
bt = B ==
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and
1 du,{y + wdTy dy’ k1
Ug+1 = Exy — Ed—Ty = (d_Ty> ux = Dug = D" " uy,
where D = %(%) Obviously, the eigenvalues of D are 0 and % (n-1

multiplicity), so

= -~ _ 1dyT dy’
Y we=) Dug=(I-D) 1u0=2<1—5d_Ty>y:21y_d_Tyy.
k=0 k=0

Thus,

ad 1 & du,{ + ud” 1 ny
Expn—E)=—2) ——F——=—7— (ydT + dy! — —ddT) )
(8)

So lim,_, o C exists, denoted by C. From (8), it follows that:

(9]
C= lim Cy = lim Ex=FEo+ ) (Eepr — Ex)

X— 00
k=0

T T T T T
2t vy g (o) (ol
dTy (dTy)2 dTy dTy
Thus, the matrix C; can be symmetrized by the matrix C. Then, from

the above symmetrizing procedure, we conclude that the conjugate gradient
iteration matrix Dy can be symmetrized by Dy as follows:

- yedf +di v dry} yrd{
Dy =1—"—F ko 2k gl = —E 1=K 9)

di vk (diy)? di vk iy
Thus, the conjugate gradient directions (3) are rewritten as:
dO = —£0>
{dk+1 = —Dyy18kr1, Yk > 0. (10

So dy 1 is called the symmetrical conjugate gradient direction and Dy is called
the symmetrical conjugate gradient iteration matrix or the symmetrical Hestenes-
Stiefel matrix (SHS matrix). If the matrix Dy is updated with the rank-1 matrix
as follows:

2 T Sk ng n

Diy1 =D+ ——> Ve € R,

Yk Sk

then Dk+1 satisfies the quasi-Newton equation, ka Yk = Sk and under the
exact line searches dyy; = —lA)k+1 gk+1 satisfies the condition:

)/dek+1 =0, Vk > 0 (conjugacy). (11)
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If ¢ = si, then

sksy

BFGS _

At = — | D1 + = | gk 15
)’k Sk

which just is the formula of the search direction of the memoryless Broyden-
Fletcher-Goldfarb-Shanno (BFGS).
In this article, (11) is substituted by [4]

yides) = —osigers (12)

which is called the Dai and Liao conjugacy condition or the generalized conjugacy
condition, where o is a parameter. Now, we suppose that Dy ; in (10) be updated
by a rank one matrix, namely

D ~ T
Pry1 = Diy1 +uv,

where u and v two vectors in R” such that (12) Eolds.
Thus, it follows from (9), (12) and dyy+; = —Pk4+18k+1 that:

)’Z dky1 = —}’1{ (Drr18k+1 + WTgk+1)

dkyT ykd

T T,.T

=y (IT— 5 ) [1— 525 ) gk — yfwv"gien
yid}

=— (v —») [(1 - ﬁ) gk+1} — yiuw g

= _y]{ungk-H
T N T
— () v gkt1s
SO,
T
- ()’Z”) vigey = _OSng+1 = (‘Tsk - V)’l{”) &k+1=0.

Thus, we can select v such that v = 2%, Hence

Y u
_ _ us]
Pry1 = D1 + 0 ——, (13)
Yy

where the vector u is any vector in R” such that yZu # 0. The matrix Py, is
also called the SHS matrix. So, we can introduce a new line search direction as
follows:

dO = —£0>
— 14
{dk+1 = —Prt18k+1, Vb >0, (1)
where Py ; is defined by (13) with u = uy, ie,
_ uks,f
dit+1 = —Diy18ky1 — 0 T, Skl (15)
K Uk
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Thus, with different o and uy (y]{uk # 0) , a family of methods can be obtained
by (2) and (14) with dj; defined by (15), which is called the family of Gen-
eralized Symmetrical Hestenes-Stiefel gradient method, or GSHS for short. Py
is also called the iteration matrix of the generalized symmetrical Hestenes-Stiefel
gradient method.

Yk

In this article, we take uy = yrand o = CW , ¢>0.Thus
P43
T
_ - VkS
Pry1 = Dy + CT—k,
Sk Yk
and,
= dTgk+1
dy1 = —Dyy18r+1 — ¢ ZT V- (16)
Kk Vk

We denote the iterative scheme (2) and (14) with dy; calculated by (16) by the
GDSHS.

3. The sufficient descent property and descent algorithm

In this section, we consider the sufficient descent property of the GDSHS
method, that is,

T 2
diy18k+1 < —collgk+111"  co > 0.

By Theorem (2.1) in [8], we have that Dy | is a positive semi-definite matrix and
the eigenvalues of this matrix are 0, 1(n - 2 multiplicity) and Af+1 | respectively,

max >
where 251 is the maximum eigenvalue:

K+l _ BAIRIEA
max (d]?yk)z
By (16), we obtain:

Y8k

T T 7 T
dk+1gk+1 = —gk+1Dk+1gk+1 - CdT—dkng’
Kk Yk
since,
I D >0
Si+1Vk+18k+1 = Vs
SO,
T dT
T Vi 8k+1 T Yk
dip18k1 = —C =

dly, = dly,
_ (@00 (g
(d]y)? '

T
dk+1gk+1 =
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From the following inequality,

( |ul]? +—||V|| ) Va > 0,

c 1
dr S — T yodel > + =11(df 2)
ket 18k+1 = 2Ty (all(gk+1yk) kll all( Vi) &k-+1l]

MTV

l\)l»—l

it can be derived that,

c

1
(a(g,?+1yk>2||dk||2 + ;(d{yk)ﬂ |gk+1||2>

2(dTy)?
_ca||gk+1||2||yk||2||dk||2_i“gk P
2(dlyp)? 2a >

So,

BARIEAR
d,f+1gk+1 =- ( );(d—)z ||gk+1||

Thus (5) is true for

|yl Pkl
2(dlyi)? 2a’

From the above discussion, we have

dkTng
dT
Kk Vk

diy1 = _Dk+1gk+l —C Vk-

Thus, the conjugate gradient directions (14) are rewritten as

{do = —80,
di+1 = —Prt18k+1 = —Vir1 + Brdk — iy

where,
Vi1 = tkgk+1 + (1 — fk)gk = gkr1 — (1 — t)yk = gk + tiyk
Vi 1k g Yk g yk
B = k-|7:1 k+1 +(1_t)k
di Yk dk Yk k)’k
o = dggk+1
dfyx
and,

—d] g
dfyx




Downloaded by [noureddine benrabia] at 03:37 01 July 2016

NUMERICAL FUNCTIONAL ANALYSIS AND OPTIMIZATION 845

Thus, we can obtain the Generalized Descent Symmetrical Hestenes-Stiefel
algorithm, denoted by GDSHS, as follows:

Algorithm 3.1.

Step 1. Give an initial point xo and ¢ > 0. Set k = 0.

Step 2. Calculate gg = g(xo). If ||gk|| < ¢, then stop; otherwise let dy = —g
and continue with Step 3.

Step 3. Calculate steplength o with Wolfe line searches:

Fxk + ardr) < flxx) + Sr0xd] i (18)
and,
di g (o + axdi) > 2y g (19)
where §; and §;, are positive constants such that

0<d <8 <1
Step 4. Set xx11 = xi + oty dy.
Step 5. Calculate gx11 = g(Xk+1)-
Step 6. If ||gk+1]] < &, then stop.
Step 7. Calculate the direction dyy; via (17). Set k = k + 1, then go to Step 3

For the numerical demonstration in Section 5, one concrete algorithm is as
follows:
GDSHSI1: the direction dy; is computed by (17) and ¢ = 1.

4, The convergence of the GDSHS algorithm

In this section, to analyze the convergence of the GDSHS algorithm, we first
introduce the following assumptions about the objective function f (x).

H1. f is bounded below in R" and f is continuously differentiable in a neigh-

borhood R of the level set I" def {x fx) <f (xo)}, where x is the starting
point of the iteration.

H2. The gradient of f is Lipschitz continuous in &, that is, there exists a constant
L > 0 such that

IVf) = VIl < LIE —xll, VExe .

Next, we introduce the spectral condition theorem of the global convergence
for an objective function satisfying H1 and H2, which generates Theorem 4.1
in [8].
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Theorem 4.1. Assume that the line search direction of a NCG method satisfies

dO = _g())
{dk = —ﬁkgk, Vk > 0. (20)

Let the objective function f(x) satisfy H1 and H2. For a NCG method ((2) and
(20)), which satisfies the sufficient descent condition (5), if its line search satisfies
the Wolfe conditions (18) and (19), and [3]

o
Z A = +o0o, (the spectral condition) (21)
k=0

where Ak is the maximum eigenvalue of fkTﬁk, then:
lim i =0. 22
iminf] || (22)
Moreover, if A, < A, where A is a positive constant, then

lim gl =0, (23)

Proof. Assume that
& #0, Vk>0
and
Jim inf|igll # O,
then there exists y > 0 such that
gkl > v, Vk=0,
and the sufficient descent condition (5) implies that
dr #0, Vk=>0.

From (20) and the fact that fkTﬁk is symmetric and positive semi-definite, it
follows that

lldil* = gf P P = |IP PlllIgkll* < Axllgil .
Thus, from (5) and the above inequality, it can be deduced that
2
(—digy)
ARl

2 gkl l?
> oo
||kl

cos® O =
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where 6 is the angle between dy and —g. Thus,

2
2.2 2 0
cos” 6 > — =00,
E gk !l k=Y E AL
k>0 k>0

which contradicts to the ZoutendijKk’s condition in [11],

2 2 (ng di)? s .
E [1gx||” cos” O = E el < 00 (the ZoutendijK’s condition). (24)
k
k=0 k>0

Therefore, (21) implies that either g = 0 for some k > 0, or (22) holds.

~ 2
If Ay < A for large enough k, then cos? 6 > ;\—0 > 0, which together with
k

(24), implies (23). O

5. Numerical experiment

In this section, we compare the performance of the new conjugate gradient
method GDSHS with the parameter c =1, denoted GDSHS], to the standard
FR method and PRP" version of the conjugate gradient method developed by
Gilbert and Nocedal [6], where the S associated with the Polak-Ribiere-Polyak
conjugate gradient method [10] is kept nonnegative. When comparing between
the three algorithms we have used the backtracking line search written by
M. Al-Baali (SQU, April 2015). The test problems are the 86 unconstrained
problems found in this work, and each test function is made as an experiment
with the number of variables being 2, 10, 100, 1000, 2000,..., 3500, respectively.
The starting points used are those given in An Unconstrained Optimization Test
Functions Collection [2].

The termination criterion of all algorithms is that ||g|| < 1077. The tests are
performed on a PC using a Pentium Dual-core CPU T4400@2.20GHz, 2.0GB
RAM, Mobil Intel 4 Series Express Chipset Family, using MATLAB codes.

We have adopted the performance profiles of [5] to compare the performance
among the tested methods.

Figures 1, 2 and 3 display the performance profiles measured by CPU time
(or process time), the number of iterations and the 2-norm of the gradient of
the objective function at approximate minimal point, respectively.

In Figure 1, GDSHSI performed well from the viewpoint of CPU time.

But, the numerical performance should be compared by measures different
from CPU time. For this reason we provide Figures 2 and 3.

In Figures 2 and 3, we see that GDSHSI algorithm is better and more com-
petitive than the FR and PRP™ algorithms, especially in performance regarding
the number of iterations.
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Figure 2. Performance

Figure 3. Performance profile by 2-norm of the gradient of the objective function.
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6. Concluding remarks

In this article, we have proposed a new conjugate gradient method (Algorithm
3.1) which always produces a descent search direction. In Section 4, we have
proved the global convergence property of our method by using the spectral
analysis of the conjugate gradient iteration matrix and Zoutendijk’s condition.
Some numerical results have been reported. These results showed the effec-
tiveness of our method if we choose a good parameter c. As a perspective,
we propose an optimal value for it. The theoretical choice for this parameter
is currently under study. The performance profile for our conjugate gradient
algorithm ((2) and (20)), implemented with our new line search algorithm, was
higher than those of the FR and PRP* methods for a test set consisting of 86
problems from [2].
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