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In this paper, we present a new hybrid method to solve a nonlinear unconstrained op-
timization problem by using conjugate gradient, which is a convex combination of Y.
Liu-C. Storey (LS) conjugate gradient method and Hager-Zhang (HZ) conjugate gradi-
ent method.

This method possesses the sufficient descent property with Strong Wolfe line search and
the global convergence with the strong Wolfe line search.

In the end of this paper, we illustrate our method by giving some numerical examples.
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1. Introduction
Consider the unconstrained optimization problem:
min{f(x):xz € R"}, (1.1)

where f : R” — R is a function continuously differentiable and bounded from below.
To solve this problem we use a sequence {xj} which is given as shown:

Tyl = T + Sk, Sk = agdy, K =0,1,...,n, (1.2)
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where oy > 0 is called the step length which is determined by line search and dj, is
the search direction generated by:

d. = —9k; k= 07
P =gk + Brdir, k> 1,

where gi := V f(xy) is the gradient of f at zy, and B € R is the conjugate gradient
parameter which determines the different conjugate gradient methods. In order to
determine «y, , we usually use the strong Wolfe conditions (cf [6]) given by the
following forms:

f(@p + ardy) — f(2x) < dargl d, (1.3)

| giy1di |[< —ogidy, (1.4)

where 0 < § <o < 1.

Some well-known formulas for the conjugate gradient parameter §; are the Polak-
Ribiere-Polyak (PRP), Hestenes-Stiefel (HS)[4], Liu-Storey (LS)[5], Hager-Zhang
(HZ)[6] and Conjugate Descent proposed by Fletcher (CD)[3], which are given as

follow:
pre _ SVt gus OVl grs O
' lgi—al?” 7 AT ~gi_1di—1’
2 2
Yk—1 (3 G
HZ _ (g — 2y A2l yr R 1

df jye—1’ df_jyr—
Respectively, where ||.|| is the Euclidian norm and y; = gr4+1 — gk. The aim of this
study is to find a new combination based on the previous works in [2], [5] and [6].
Note that, we based on the convex combination of Andrei [2] using LS and HZ
conjugate gradient methods. For the following section, we evaluate the parameter
0k, then we state the algorithm of the proposed method. In section 3 we prove that
dy, satisfies the sufficient descent condition and we discuss the global convergence.
Finally, to illustrate our method we give some numerical examples.

2. A Convex Combination

In this section, we deal with the convex combination of the conjugate gradient
parameters of the LS and HZ methods, we define ﬁ,@LSHZ as follow:

BEESHZ — g, \BES + (1— 0, 1)BE%, (21)
where 0, € [0,1] is named the hybridization parameter.
Obviously, if 0 = 0, then gpLSHZ = BHZ "and if ), = 1, then pRLSHZ = LS.
On the other side, if 0 < 0 < 1, then BPLSHZ which is a convex combination of
LS and gHZ.
The direction dZLSH Z is given by:

- k=0
dhLSHZ _ { g0, ) 2.9
g —gr + B dy 1, k> 1. (22)
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Theorem 2.1. If the relations (2.1) and (2.2) hold, then

dZifHZ = 9kdk+1 +(1 ak)dk+1 (2.3)

Proof. From (2.1) and (2.2), we get

A7 = = gy + BEETT d
Gk [yxll® 7 gr+1
= — grt+1 + O dy + (1 — 0.) (g — 2dg ds
+ dfgk ( )( dfyk ) dzyk
=0k (—gr+1 + gk+T1yk di) + (1 = 0r)(—=grs1 + (yr — 2di HZ?HQ)T g;ﬂ dy,)
—dk 9k dk Yk dk; Uk
=0rd ) + (1 — 0)di' 5
Hence,
d}lsifHZ = ekdk+1 + ( 9k)dk+1 0
Multiplying (2.3) by y# and by using the conjugacy condition yf d}t7#% = 0,
we get

s 1Y yT lyel®> \r9r1 ] 7,
—y grs1 + O o e+ (1 —0k) | (ye — 2ds, ) Y dx = 0.

—d} gk dfyr * dlye
Then,
0, — 2llyx > (. gr) .
2llye (A gr) — (gf 1 ue) (df k)
We could fix the 6}, as follows:
2lyx l12(df gx)
0, ) s oo=tafywoaron <O
_ 2|\yx I (47 gr) 2Hka (di gx)
O =\ smrare0 o o@m L0 < smrare) o wo@rmn < b (24)
2|\yk|\ (L g1)
L Lf S @ o0 —or s @lon) = 1

2.1. Algorithm hLSHZ

Step 0: Select g e R, e >0, and 0 < § <o < 1.

Compute f(xq), and gg. Consider dy = —gp.

Set the initial guess ay = %

Step 1: If ||gx|| < ¢, then STOP.

Step 2: Compute ay > 0 satisfying the strong Wolfe line search conditions (1.3)
and (1.4).

Caleuli Zg11,frr1, Grt1, Yi-



May 16, 2021 13:46 WSPC/INSTRUCTION FILE ws-aejm

4 N.Chenna, B.Sellami, M.Belloufi

Step 3: If ||gr+1 %yl di + l|lyxl|?dE gr = 0, then set 0, = 0,else set 0 as in (2.4).
Step 4: Compute BpE9HZ agin (2.1).

Step 5: Compute di, = —gi+1 + BpLSHZd,.

Step 6: If the restart criterion of Powell | g\ 1 gi [> 0.2 g1 |-

is satisfied, then dx11 = —gr+1, else define di11 = d.

Step 7: Compute the initial guess

U = ap_1 Hﬁz;ll‘\l'

Step 8: Set k£ = k + 1, and continue with step 2.

3. Sufficient descent property and the global convergence

Theorems (3.1) and (3.2) mentioned bellow claims that hLSHZ method satisfies the
sufficient descent condition, where we distinguish three cases:
Firstly, let 6, = 0, then

2
Yk Gk+1
A" = Al = —grern + (yr — 24y ‘(llT ” )TdT+ g
L Yk 1 Yk

Theorem 3.1. [6] If dlyx # 0, and

di+1 = —gkt1 + Tdk, do = —go, V7 € [B{Z, max{0, B Z}]. (3.1)

Then,

7
g ditf) < *§H9k+1|\2- (3.2)

Proof. According to (3.1), we have two case:

o If BHZ > 0, then 7 = p1%

Multiplying (3.1) by gg+1, we find

di 1 gk1 = = llges > + BE 7 di grra
_ ||gk 1”2+(yk*2dk”yk”2)Tgk+1 dTgk L
" dfye” dfy, T
_ W) (dgy) (i ges1) — lgr | (dgye)® — 20yell* (di gr+1)?
(dfyk)? '

(3.3)
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Using the inequality (u”v < (|[ull? + [Jv]|?), with v = £ (d} yk)gr+1
and v = 2(d¥ gx11)yr, We get

0T s < L dEye)? Nl grrall? + 2lwel?(dF ges1)? = lgrs1 12 (@Fyr)? = 2)lywll* (dF gres1)?
btr19k+1 <

(dfyr)?
7
< —§||gk+1||2- (3.4)
o If BHZ <0, then Bf1Z < 7 <.
After multiplying (3.1) by gx+1, we find
dgﬂgkﬂ = —|lgrs1ll® + TdE gria
— If df gy41 > 0, then (3.2) holds.
— If df gr+1 < 0, we get
i grir = =llge1? + 7di gir < =l |? + B2 d grra
since 652 < 7 < 0. Hence (3.2) holds. O
Secondly, let 6 = 1, then
Jhs 1Yk
AEFIE = ) = g + L2
—0ap gk

Theorem 3.2. [5] Assume that Assumption (3.1) and (3.2) hold, let strong Wolfe
conditions hold with o < § and |g} 1 gk| < 0.2[|gr+1[*.
Then dkHLSHZ satisfies the sufficient descent condition for all k.

Proof. We have

T
9i+1Yk
BT _ gl — g+ SV, @5
*dkgk
Multiplying (3.5) by gr+1, we find
T
T LS 1Yk 1
Grr1dK51 = — llgr+1® + aT G419k
—0p gk
i1k
< — llgpsa® + o 25 y Gir 17
k1%

<~ llgrsl? + o (llgn1l” + |9+ 1))
=—(1-1.20)||gx+1 .

Hence,

gF P51 < (1 - 1.20) |gia > 0
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Finally[18], let 0 < 6, < 1 there exist two real numbers p;, pe such that
0<pr <Op <po <1,
Then

T I WLSHZ T LS T HZ
Grr1di57 7 = kg1 diy + (1= 0k)gi1dis
< g dity + (1= p2)giy ditdy.

Hence

Gerdif 717 < —K|lgrga|®. (3.6)

Where K = p1(1 —0) 4+ (1 — H2)%-
The following assumptions are often used to prove the global convergence of the
proposed conjugate gradient method.

Assumption 3.1. f is bounded from below on the level set
S={zeR": f(z) < f(xo)},
i.e. exists a constant B > 0, such that

||z |< B, forallzeS.

Assumption 3.2. The gradient V f is Lipschitz continuous i.e there exists a constant
L > 0 such that

lg(z) =gl < Lllz —yl, forall z,y € R"

These assumptions imply that there exists a positive constant v such that

lg(z)|| <7, for all z € R™.

Lemma 3.1. [7] Assume that Assumption (3.1) and (3.2) hold. Consider any
method of the form (1.1), where dy, is a descent direction and oy, satisfies the strong
Wolfe conditions (1.3) and (1.4).

Then we have that

Z(ngdk)z < 400
Il I
kO

Lemma 3.2. [9] Suppose that Assumption (3.1) and (3.2) holds. If dy is a descent
direction and the stepsize oy, satisfies gpy1dy > ogrpdy, o < 1, then

1—0c |dggk|
L ld]?

ap 2 (3.7)

Proof. It follows (1.4), the Lipschitz condition, and the Cauchy-Bnakovsky-
Schwartz inequality that

—(1 = 0)di g, < diyr < Ld{ sy = arL|gx|*
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Hance the assertion (3.7) holds. O

According to the lemma (3.2), inequalities (1.4) and (3.6), we get that «y which
is obtained in the hLSHZ method is not equal to zero, i.e. there exists A > 0 such
that

ap > A\, Vk > 0.

Theorem 3.3. Consider the iterative method of the form (1.1), (2.1), (2.2), (2.4),
assume that all conditions of Theorem (3.2) hold.
Then,

lim inf|gxll =0 (3.8)
k—o00

Proof. suppose that (3.8) does not hold.

Then there exists r > 0 such that:

lgwll = r.

From the above Theorem(3.2), we have
gFdr < —K||gi||?, for all k.
From (1.3) and (1.4), we get

dgyr > —(1 = 0)g di, = K(1 = 0)l|ge]]*.
It follows form the assumptions (3.1) and (3.2), that

lykll = llgk+1 — gkl < Ll|zky1 — zi|| < L.D.
Where D = supj,>q [|sk||-
We have
1BRESTZ) < (8% + 187
|gg+1yk| Hyk||2 T Jk+1
=+ (yg — 2di—— )"
—d g I dfyk) ALy
< C=lgrralllyell  lyrlllselllgreal
- (1 —o)kllgkl? ag(l —0)2k?||g|*
2 — LD LD?
_ (@2-onlD T _um
(1-0)krz X1 —0)2k%r
and

ldisll < llgesall + 18852 | dll

[l skl
< llgr+1l + |BRESHZ | =22
au,

D
< v+ M
<+ M
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Then,

> =

S =
= Il
1 K?||gI? (¢ di)?
K2%r? < — IFT < Mk TR
P S T S 2 g <
k>0 k>0 k>0

By contradiction the Theorem holds. O

4. Numerical Results

In this section, we report some numerical results obtained with the new pro-
posed conjugate gradient method. we compare its performance with other methods,
namely LS CG method [5] and HZ CG method [6]. This comparison is based the
number of iterations and the elapsed CPU time concerned by each method. For the
numerical tests, the parameters in the strong Wolfe line searches are chosen to be
o = 0.001, § = 0.0001.
We stop the iteration if the inequality ||g(x1)|lec < € = 107° is satisfied. In this
paper, all codes were written in MATLAB and run on PC with Intel(r) Core(tm)
i7-2670QM CPU @ 2.20GHz 2.20GHz processor and 4GB RAM memory and win-
dows 10 Pr system. Using the performance profiles of Dolan and Moré [10].
They introduced the notion of a performance profile as a means to evaluate and
compare the performance of the set of solvers S on a test set P.
Assuming that there exist ns solvers and n, problems, for each problem p and
solver s, denote t, ; be the computing time required to solve problem p € P by
solver s € S.
Requiring a baseline for comparisons, they compared the performance on problem
p by solver s with the best performance by any solver on this problem that is, using
the performance ratio define by

tp,s
min{tys:s € S}

Tps =

Assume that a parameter rp; > r, s for all p,s is chosen, and ry; = rp s if and
only if solvers s does not solve problem p. Define

1
ps(t) = n—size{p €P:r,, <t}
p

thus p,(t) was the probability for solver s € S that a performance ratio r, ; was
within a factor t € R of the best possible ratio. Then function ps, was the (cu-
mulative) distribution function for the performance ratio. The performance profile
ps : R — [0, 1] for a solver was a nondecreasing, piecewise constant function, con-
tinuous from the right at each breakpoint.

The value of p,(1) was the probability that the solver would win over the rest of the
solvers. According to the above rules, we know that one solver whose performance
profile plot is on top right will win over the rest of the solvers.
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Performance Profile based on the iteration number.

T T T T I I I

P

HZ
LS 1
HLSHZ

0.3 1 1 1 1 1 1 1

Fig. 1.



May 16, 2021 13:46 WSPC/INSTRUCTION FILE ws-aejm

10 N.Chenna, B.Sellami, M.Belloufi

Performance Profile based on the CPU time.

1 T T T T T T T

HzZ
LS
HLSHZ

1 15 2 25 3 35 4 4.5

Fig. 2.
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From the figures (1) and (2) we can conclude that hLSHZ algorithm is more

effective than LS and HZ methods.

5. Conclusions

In this paper, we presented a new conjugate gradient method, which is a convex
combination of LS method and HZ method.

Under suitable conditions, we proved that our main method converge globally.
Extensive numerical results are also reported. The performance profiles showed that
the new descent hybrid method is efficient for the test problems.
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