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Abstract In this paper, we propose a numerical method to approach the solution of a Fred-
holm integral equation with a weakly singular kernel by applying the convolution product as
aregularization operator and the Fourier series as a projection. Preliminary numerical results
show that the order of convergence of the method is better than the one of conventional
projection methods.
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1 Introduction

The theory of integral equations has been an active search domain for many years and is based
on analysis, function theory and functional analysis. On the other hand, integral equations
are of practical interest because of the approximation theory of Fredholm integral equations,
which allows the application of the notions of operator theory, spectral theory and especially
those of projection and functional approximation (Debbar et al. 2016; Guebbai and Grammont
2014; Ahues et al. 2009; Amosov and Youssef 2016; Lemita and Guebbai 2017).
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The approximation of Fredholm weakly singular equations of the following form: For all
feL'(0,1),findu € L' (0, 1), such that

1
WEDJLMMZ/mﬂh—mumm+ﬂw
0

where, g, the source of the weak singularity, is supposed to be in L! ([0, 1], R), positive,
decreasing and such that

lim g (1) = 400,
t—0t

knows an impassable error given by: 3Cy, C, > 0, for n € N large enough,

1
" 1\”
||M—Mn||L1(0,1)§C1/ g(t)dthz(;> ,
0

where y depends on g and belongs to (0, 1) for some interesting cases like Abel’s kernel.
Recently, Debbar et al, have improved this bound, by adding rather acceptable conditions
on the solution u, to obtain a convergence order strictly greater than y and at most equal to
1.
In this paper, we are interested in the same integral equation in the case of an odd kernel
i.e. g verifies

(1) geLll'(-111.R),
(2) g(=1)=—g@), t € [-11],
3) g() =0, tel0,1],
(4) g isdecreasing over [0, 1],
5) lim (1) = +oo.

This version was studied numerically in Guebbai and Grammont (2014) and the authors
obtained a convergence order equal to y. Our goal is to show that the method developed in
Debbaretal. (2016) is applicable in this case and that we can improve the order of convergence
obtained before.

2 Setting the problem and studying its regularity

Let B be the Banach space of all bounded linear operators defined from L!([0, 1], C) into
itself. The norm of B is given by :

VAeB, |Alg= sup IAxI L1 0,17,0)-

Xl 21 go.1.00=
Letg € L! ([—1, 1], R) be an odd function, positive and decreasing over (0, 1) such that:

lim g(¢t) = +oo.
t—0t
Let K be a linear operator defined from L! ([0, 17, C) into itself by

1
Vx e L' ([0,1],C), Kx(s):= / g(s —t)x(t)de.
0
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It is easy to establish that K € B and K|z < llgll1(j—1.13.r)- The operator K is an
integral operator with a weakly singular kernel. The singularity comes from the fact that

lim g(¢t) = +oo.
t—0t

But it remains weak because
1
/ lg ()| dt < 4o0.
-1

Let I denotes the identity operator in L' ([0, 1], C). We suppose that (I — K )~ exists
and that

d:=|I-K)"|z <o
Then, for all f € L! ([0, 17, C), the equation
u=Ku+ f,

has a unique solution u € L' ([0, 1], C). Before describing our approach let us state a
regularity result.

Theorem 1 Letx € L' ([0, 1], C) be such that x' € L' ([0, 1], C). Then K x is a differen-
tiable function at all s € (0, 1), and

(Kx)'(s) = x(0)g(s) + x(1)g(l — ) + (Kx')(s), s € (0, 1).

In addition,
”(KX)IHLI([O,I],(C) < 2lglrq=1,11,0 (”x”L‘([o,l],C) + ”x/HLl([O,l],(C)> .

Proof We use an idea developed in Ahues et al. (2009). For 0 < n < %, we define the linear
operator K, : L' ([0, 1], C) — L' ([0, 1], C) by: For x € L' ([0, 1], C),

s§— 1
/ ng(s — D)x(r)dt —/ gt —s)x()dt, sem1—mn),
0 s

+n

Kyx (s) := /‘H7 g(s — Hx(t)dr, sell—n 1),
0
1
—/ gt —s)x(t)de, se0,n].
s+n

Changing of variables, we get
s 1—s
/ gu)x(s —u)du — / gx(s+v)dr, se@1—rn),
1 n
)
Kyx (s) == / g(u)x(s — u)du, se[l—=n1),
n

1—s
—/ gW)x(s + v)dt, s €(0,7].
n
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Suppose that x” € L' ([0, 1], C). Then,

x(0)g(s) + / gw)x'(s —u)du +x(1)g(1 —s)
n
1—s
—/ gW)x'(s + v)dt, s€m1—mn)),
(K,]x)/(s) = n s
x(0)g(s) +/ gw)x'(s — u)du, se[l—n1),
n
1—s
x()g(l —s) — / g()x'(s + v)dt, s €(0,n].
n

It can easily be checked that

lim, | Kx = Knx ][ 11 g0,11,00 =0
Vs e .1, lim (&%) ) = (x()g() + x(Dg(1 = 5) + (Kx) ()| = 0.
This proves that (Kx)'(s) = x(0)g(s) +x(1)g(1 —s) + (Kx')(s), s € (0, ). We have

1
x(0) = /0 (A =0)x (1) dt = |x (O] < lIxllz1go11.0) + ”x/”Ll(lo,“’C),

1
x (1) = /0 (tx ) dt = |x (D] < ¥l o0 + 18| oo -
Then

” (Kx)/”Ll([O,l],(C) =2llglzrq-1,11.m <||X||L1([0,1],<C) + HX/HLI([O,I],(C)) :

3 Regularization

In this article, we propose a new approach that differs from Guebbai and Grammont (2014)
which relied on the convolution product as follows : Vx € L1([0, 1], C), K x is extended as
Kx(s) ;= —Kx(-s), s € [—1,0].
For ¢ > 0, we define K, by
Vx € L1([0,11,C), Kex == Je * Kx,
where J is a function defined on R satisfying the following properties:

J is even,

J(x) > 0Vx € R,
JeC"R,R), m>1,
Supp (/) € [=1, 1,

/ J(t)ydr =1,
—1

and for & > 0,

Je (7) := el (8_11') .

@ Springer f bMA



On the regularization method for Fredholm integral equations

Hence, for all x € L' ([0, 1], C), Kx € L'([0, 1], C), and K.x € L'([0, 1], C).

Forallt € [0, 1], we define g;(s) := g(s —1). g; is extended as follows g;(s) := —g;(—s)
for all s € [—1, 0]. Then g; is 2-periodical on R.

Ve > 0, we define:

8e(s, 1) = Jg % g1(s).

We can see that g.(., 1) € C¥'

Dper (R, R) , Adams (1975). This extension is similar to that of
Debbar et al. (2016).

Proposition 1 K, is an integral operator. For all x € L0, 1], C),
1
Kex(s) =/ ge(s, x(t)dt.
0
Proof Forall x € L' ([0, 1], C),

Kex(s) = Jg % Kx(s),

=/ Je (y) Kx(s — y)dy,

—&

1
:/ eJe (e1) Kx (s — eT)dT,
-1

1
=/ J(t)Kx(s — et)dr,
-1

1 1
= / J(1) / g (s —et —t)x(t)dedr,
-1 0

1 1
= / [/ J(T)g(s —eTt —1) dri| x(t)drt,
0 —1

1
= / ge(s, x(1)dr.
0

Proposition 2

lim ||K — K|z =0.
e—0t
Proof Letu € L'([0, 1], C) be such that lullL1qo0.17.c) = 1. Then
1
| Ku — Ksu”Ll([o,l],(c) = /0 |Keu(s) — Ku(s)|ds,

1 1 1
=/ '/ ga(s,t)u(t)dt—/ g(ls — tDu(r)de
0 0 0

1 1
5/0 /0 e % g1(5) — g1(s)] lu(0)]drds,

1 1
< [ sup / |Ja*gt(s)_gt(5)|ds:|/ |u(r)|dr,
tel0,1]1J0 0

=1
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e—0F
< sup | Je*xg — &llriqopy — O
tel0,1]

We will study the invertibility of I — K.

Lemma 1 For e > 0 small enough, (I — K.)~ ! exists and
17— Ke)~ s < 2d.
Proof We have,
I—K.=(-K){UI—--K "K: —K)),
and,
im 17 = K) 7K = K)lls = 0.

Where, for ¢ sufficiently small,

I —K)~"(Ke = K)lis < 1,

and I — (I — K)~'(K, — K) is invertible. By applying Neumann’s theorem, we find that
(I — K,)~! exists. Moreover,

1 e—0T

—
I = K)~H(Ke = KB

I =T = K)™ (Ko = KD His < 1=

Then for ¢ sufficiently small, we have:
I = —K) "(Ke — KN Mg <2,
and,
(I — Ke) Mg < 2d.

[m}

Knowing that I — K, is invertible, for ¢ > 0 small enough, we note u, the unique function
in L'([0, 1], C) which satisfies u, = Kou, + f.

Theorem 2 Suppose that ' € L' ([0, 1], C), then for & small enough,

llw —wellprqo,n,c) < 2d (2 lgloq—1,11,®) (llulluqo,u,@ + ”u/“Ll([O,l],(C)) + 1) &

Proof We have,

u—us = Ku— Kgug
= — Ko "(Ku — Kou)
= - K NKu—J % Ku).

But
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1 1
/ J(@)Ku(s —et)dr — / J(t)Ku(s)dr|ds,
—1 —1

1
/e * Ku — Kullp1o,11,r) = /O

IA

1 pl
max J(r)/ / |Ku(s —et) — Ku(s)| drds.
0 J-1

te[—1,1]

According to Theorem 1 and the intermediate value theorem for derivatives

30 €] —¢,0[, Ku(s—etr)— Ku(s) = (Ku)' (s +01)(—¢7).
We have, Vs €]0, 1[, VT €] — 1, 1],
lirr})(Ku)’(s +01) = (Ku)'(s).

Then, for & small enough,
we obtain

(Ku)' (s + 91’)| < |(Ku)’(s)| + 1. Using Lebesgue’s theorem,

1 rl
lim /0 /.1|(Ku)’(s+6’r)||1'|d1:ds=||(Ku)’||L1([0’1],C).

e—>0t

Then, for ¢ small enough, we obtain
I
”Ku — Jg % Ku”Ll([O,l],(C) =< (H (KM) ”Ll([O,l],(C) + 1) &
= (2||8||L1(1—1,1J,<C) (”””LI(IO,IJ,C) + ”u,”L'([O,l],C)) + 1) &
We use Lemma 1 to get the result. O

In what follows, the solution is supposed to verify the following conditions:

ue L'(0,1],C) and ' € L'([0, 1], C).

4 Degenerate kernel

In this section, we rely on the kernel of operator K, to propose a method to build an easy-to-
use numerical approximation of the solution u.

4.1 Projection

We note that, for all ¢ > 0, and for all x € L! ([0, 1], R), K.x(s) is odd and 2-periodical.
Thus, for all N € N*, we define the operators K, y from L! ([0, 1], ©) into itself by:

N
Vx e L' ([0, 11, R), Ko nx:=PyKex =Y bpesin(kr),
k=1

where,

2
bk,8:=/ Kex(s) sin(kms)ds.
0

Py represents the Fourier series expansion truncated to the order N , Zygmund (1959)

Proposition 3 For all ¢ > 0, and for all N > 2, K.y is an integral operator with a
degenerate kernel.

@ Springer f DMAC
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Proof Forall x € L' ([0, 1], C),

N
Ko nx(s) = Z by ¢ sin(kms),

k=1
where
2
br.e :/ Kex(s) sin(kms)ds
0
2 1
Z/ [/ ge(S,t)x(t)dt] sin(kms)ds
0 0
1 2
:/ [f gg(s,t)sin(kns)ds]x(t)dt.
0 0
We set
2
%,k(l)=/ ge(s, 1) sin(kms)ds.
0
Thus,
N 1
Kenx(s) = lefk(S)/O @k (1) x(t)dr.
k=1
Where

Y (s) = sin(kms), 1 <k <N.

Theorem 3 Forall ¢ > 0, and for all N > 2,

[Ke = Kol < som |70 NElLiqonm e G+ I NN,

L'([0,1],
where Kk, is the Favard constant.
Proof We have

H K. — KE,N”B = t:;él’)” ”gE(a 1) — gE,N(w 1) ”Ll([—l,I],R) .

Let 7y be the subspace of L'([0, 1], R) generated by the family {sin(k7.)}; <x<n- We have
8e,N(, 1) = Pnge(., 1)
Forall r € [0, 1],
8e(, 1) —gen(, 1) = (I — Pn)(ge(., 1) —un(.)) forall uy € ty.
As
lge (. t) — gen (1) HLI([,M],R) = llge (. 1) — PNgellLt (=111, R)
= (I = PN) g (. Dl L1 =111,

= [I(I = Pn) (ge(., 1) = un(DIL1—1.11R)
< (I +1Pnlp) inf llge(.. 1) — unllLiq—11.R),
UNETN
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where vy € Ty.
Here, | Py |l < (2+1In N) , Davidson and Donsig (2009). Applying Nikolskii’s theorem
Tikhomirov (1976), we get

amgg
inf L) —v _ <kum "N ot ,
gy llge (.. 1) N||L1([ 1L1,R) = Km 9m (%)) LLILR)
where
4 o (_l)k(erl)
ety S
T 2k + 1ym+
k=0
But,
am 1 &
H ff(.,t) =/ / ];m)(t)g(s—f—t)dt ds
ds LY(~1,11,R) 0 |J-
1

IA

£
S | T
(m)
] ()t e = onaras

1 1 1
< —/ / J™ (1) |g (s — et — 1)| drds
g™ Jo J-1

—m (m)
<¢ HJ HLI([*LI],R) ”g”Ll([—l,l],(C)'
O
Lemma 2 For N large enough, (I - K, N)fl exists and
|G = Koy = 4.
Proof Reasoning follows as in Lemma 1. O

Because (1 - K, N)_lis invertible for N large enough then the equation

ug N = Keg yug N + f

has a unique solution in L([0, 1], C).
Theorem 4 There exist 0 > 0, B > 0, C > 0 such that, for ¢ > 0 and N large enough,

||“€ — Ue, N ||L1([0,1],(C)

<Ce™@+BInN)N™.
el o.11.0)

Proof The proof is as in Theorem 2. O

4.2 Approximate solution

We define

e =N, Ky=Key=K
o= . = s = = —a .
1 N &N N-¢ N

We approximate the solution u by solving equation

uy — Kyuy = f.

@ Springer f DMAC
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Proposition 4
Nli_f)noo IK—Knllg=0.
Proof We have
K —Knllg < IK = Ky-<llg+ Ky = Knlis-
Using Theorem 3, we get

1Ko = Knlls = 26 | 7|

L1([0,1],

Using Proposition 2,

lim |K — Ky—«lz =0.
N—o0

Lemma 3 For N large enough, (I — K ~) ! exists and
| —Kkn)7"| 5 < 24
Proof Asin Lemma 1.
Let uy be the unique solution of the equation
uy — Kyuy = f.
Theorem S There exist 61 > 0, B1 > 0 such that, for N large enough,

m

lu —unllpiqoacy < O1+ B1In(N)) N~ mFT,

Proof We have,

lu — MN||L1([0,1],(C) <llu—uy-e ”Ll([O,l],(C) + lluy-e — MN||L1([0,1],(C) .

We use Theorems 2 and 4 to conclude.

R) ”g”Ll([O,l],R) B4+ InN)N ™ mtt,

[m}

01, B1 depend on u, u’ and u y-«. The next result is very close to the concept of the relative

error in our case:

Proposition 5 There exist 6, > 0, By > 0 such that, for N large enough,

lu —unllzio,11,0)

< (6 + BoIn (N)) N~ tT,
max (L, lull 1o, 11.0) + 141l q0.11.0))

Proof 1t suffices to see that for N large enough,

lun—ellpigoay,c) < 1+ llullLiqo ) -

We conclude in the same way as in the last theorem.

@ Springer f bMA
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Table 1 Relative error (m = 2) N My e —un iy 0110
Il 21 0.11.0)
50 50 94E—1
100 80 42E—1
200 180 1.5E—1
250 240 6.2E—2
300 280 39E-2
Table 2 Relative error (m = 4) N My e — un iy 0110
luell L1 0,11,
50 50 7.4E-2
100 80 3.8E—2
200 180 14E-2
250 240 84E-3
300 280 3.6E-3

5 Numerical results

Using Mathematica from [11], alculate a primitive of t — J(7)g;(s — 7). The result is
introduced in the solver, which will choose at each ¢ and s, the proper integral limits to
calculate g. (s, t). Since uy = Kyuy + f forall s € [0, 1],

N 1
un () =y _¥;(s) /0 e () un(B)dt + £(s).
i=1

Multiplying by ¢y« ; (-) and integrating over [0, 1], we get
x=Ax+b,

where,
1 1
X(i) : =/ oy-o; ) uyt)dt, b(i) :=/ on-o; () f()dt, 1<i<N,
0 0

1
A(i,j)::/ pn-a; (O P;@0dt, 1<i<N, 1<j<N.
0

The integrals involved in the computation of A and b, are computed numerically using the
composite trapezoidal rule with a number My of nodes depending on N (see Tables 1, 2).
My is chosen in such a way that the error introduced by the composite trapezoidal rule does
not affect the global order of convergence of the Fourier series approach. Once the linear
system is solved, u is built as

N

uy =y XN+ f.

Jj=0

@ Springer f DMAC
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To test the efficiency of this method, we choose the integral equation with the following
Abel’s kernel:

g(t) == —175, 1 el0.1],

Q| =

1
8(1) = —1 5. te[-1.0L

and,

Wl

H0-9i-5(G-9)

f@s) =
1+ 350-95 -3 (s—1)

wiE

Then, the exact solution is

[0 seld].
“(s)'_{l se il

We remark that u’ = 8% e L1([0, 1], ©), where 8 is the Dirac’s distribution, || o110 =
1/2 and

3
max (17 lellz1qo,11.0) + ”u/”L'([O,l],(C)) =5

lun—=ull 1 g0.1.0)
. )
trapezoidal composite rule with 1000 nodes.

First, we use the following regularizing function,

The relative error, = 2|lup — ullp1(j0,1),c) 18 computed numerically using a

3—5(1 —133 forre[—1,1],
J(r) =132
0 fort ¢ [—1,1].

Here, m = 2.
Second, we use the following regularizing function,

6

2(1 — S forre[-1,1],
J() = {312

0 fort ¢ [—1,1].

Here, m = 4.

6 Conclusions

We have built a numerical approximation method for Fredholm integral equations in two
steps: We use the convulotion product as a regularization operator to get a new integral
operator with a smooth kernel. Then we build a degenerate kernel operator using the Fourier
series expansion.

Under the condition

ueL'(0,1,C) and ' € L'([0,1],C),

@ Springer f bMA
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this method provides a better convergence order. Indeed, methods constructed in Guebbai
and Grammont (2014) give

y(m=1)

) < ,BN_ m+y

flu — uN”L'([O,l],LC

””‘”Ll([o,l],(C)
under the following condition: 3C > 0, 3y € (0, 1) such that, for 2 > 0 small enough,

h
/ g(ndt < Ch”.
0

It is clear that,
y(m—1) m
< .
m+y m+1

In addition, classical projection methods described in Ahues et al. (2009) and Atkinson and
Han (2001) give

lu — unll 10110

h
Sklf g(t)de,
0

[l | L1([0,1],C)

where & plays the role of N —! for us. Thus, in the best case, there exists 0 < y < 1 and
kp > 0 such that

N-I
/ g(t)dr < kN7,
0

So, we just have to take the regularity of J such that m > % to get a better order of

convergence, since # > y. But we obtain the same convergence order as in Debbar et al.
(2016).
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