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Abstract
In this study, we delve into a comprehensive analysis of the Brusselator system, com-
bining both analytical and numerical approaches. In summary, our initial approach
involves revisiting the classic Brusselator system using a conformable fractional
derivative-based approach. Starting from this innovative reformulation, we obtain a
nonlinear Volterra-type equation. This transformation allows us to simultaneously
demonstrate the existence and uniqueness of the solution, while providing us with
the necessary tools to develop an efficient numerical approximation method to solve
the problem. Subsequently, we present a numerical simulation based on the Nyström
method.

Keywords Brusselator system · Conformable fractional derivatives · Volterra-type
nonlinear equation · Nyström method

Mathematics Subject Classification 86A17 · 86A15 · 45D05 · 65D30

B Mohamed Lamine Merikhi
laminemerrikhi@gmail.com ; merikhi.mohamedlamine@univ-guelma.dz

Hamza Guebbai
guebaihamza@yahoo.fr ; hamza.guebbai@univ-guelma.dz

Noureddine Benrabia
n.benrabia@univ-soukahras.dz ; noureddinebenrabia@yahoo.fr

Mohamed Moumen Bekkouche
moumen-med@univ-eloued.dz ; moumen39m@gmail.com

1 Laboratoire de Mathématiques Appliquées et de Modélisation, Faculté de Mathématiques et de
l’Informatique et des Sciences de la Matière, Université 8 Mai 1945 Guelma, B.P. 401, 24000
Guelma, Algeria

2 Faculté des Sciences et de la Technologie, Université Mohamed-Chérif Messaadia Souk Ahras,
41000 Souk Ahras, Algeria

3 Faculté des Sciences, Université El Oued, 39000 El Oued, Algeria

123

http://crossmark.crossref.org/dialog/?doi=10.1007/s12190-024-02022-6&domain=pdf


M. L. Merikhi et al.

1 Introduction

Nature, an inexhaustible source of inspiration for scientists, often reveals its deepest
complexity in the biological domain. Biological phenomena offer a fascinating display
of dynamic and sometimes unpredictable behaviors. Among the most remarkable
examples of this complexity is the Brusselator model, which originated from the
Belousov–Zhabotinsky (BZ) system [1–3].

The Brusselator model [4], an elegant and powerful mathematical tool, plays a
central role in understanding oscillatory phenomena and dynamic behaviors observed
in various scientific fields. Initially developed to model chemical variations in the
Belousov–Zhabotinsky (BZ) system, it quickly expanded its range of applications.
Its versatility and utility make it an instrument of choice for exploring a variety of
complex phenomena, finding significant applications in diverse fields such as biology,
including plant growth, cloud formation, and disease propagation [5–7].

It is characterized by this type of chemical reactions:

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

A
V1�−→ X ,

B + X
V2�−→ Y + D,

2X + Y
V3�−→ 3X ,

X
V4�−→ E .

The Brusselator system involves two reactants, denoted as A and B, which interact
with each other to produce the chemical products X and Y . The parameters V1 and
V2 represent the rate constants associated with reactions involving reactants A and
B, respectively. These rate constants determine the speed at which the reactants are
converted into products. The parameters V3 and V4 are also rate constants, but they
are associated with reactions involving the chemical products X and Y , respectively.
Thanks to its differential equations,

⎧
⎨

⎩

d
dt [X ] = V1 [A] − V2 [B] [X ] + V3 [X ]2 [Y ] − V4 [X ] ,
d
dt [Y ] = V2 [B] [X ] − V3 [X ]2 [Y ] ,
[X ] (0) = [Y ] (0) = 0,

the model allows for representing chemical concentration fluctuations over time. Its
utility extends far beyond chemistry, providing a mathematical framework to model
and comprehend complex biological phenomena. As a result, researchers can ana-
lyze the underlying mechanisms of oscillatory behaviors, predict their evolution, and
potentially intervene to gain a better understanding of and influence biological pro-
cesses.

Due to the significance of the Brusselator model, numerous mathematicians are
studying it comprehensively from both analytical and numerical perspectives.

Among the researchers who have developed advanced methods, some notable
contributions are found in articles that have paved the way for precise numerical
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simulations of the Brusselator’s behavior under various conditions, such as “Numeri-
cal Simulation of the Brusselator Model” by Wang et al [8] and “Efficient Numerical
Methods for the Brusselator Model” by Zhang et al [9]. These advances have enabled
the accurate prediction of the system’s responses to different configurations and param-
eters.

Analytically, researchers have examined the stability of the Brusselator, thus laying
the foundations for our understanding of the system’s oscillatory behaviors. The arti-
cle “Stability Analysis of the Brusselator Model” by Thomas and Glansdorff [10] is a
notable example of these contributions. Additionally, studies on the system’s dynam-
ics, such as “Dynamical Behavior of the BrusselatorModel” by Cross and Rasmussen,
have allowed for a detailed exploration of the Brusselator’s oscillation regimes [11–
18].

While our research methodology is centered on a comprehensive study of this
model, both from an analytical and numerical standpoint, using the Caputo-Fabrizio
conformable fractional derivative [19] as an analytical tool,wewould like to emphasize
that, for our current work, it can be defined as follows:

for α ∈ [0, 1] et t ∈ [0, T ], ∀Z ∈ C1 [0, T ],

Dα
CF Z (t) = M(α)

(1 − α)

∫ t

0
Z

′
(s) exp

(

−α(t − s)

1 − α

)

ds. (1)

Classical fractional derivatives, such as Riemann–Liouville and Caputo derivatives,
are mathematical operators of great importance. They extend the traditional concept of
differentiation by using fractional exponents [20]. Their utility is particularly remark-
able in modeling complex phenomena such as diffusion, growth, and other nonlinear
processes. One of their significant advantages lies in their ability to account for mem-
ory effects, meaning they take into consideration the historical data, which is essential
for describing dynamic systems.

However, it is important to note that these fractional derivatives are not without
drawbacks. For example, the kernel exhibits singularities, which can complicate their
use in certain cases. Moreover, one peculiarity of the Riemann–Liouville derivative
is that the derivative of a constant is not zero, which can pose issues for physical
interpretation [21].

Indeed, there are certainly other fractional derivatives that make sense and are con-
formable. These fractional derivatives have been developed to address the limitations
of Riemann–Liouville and Caputo fractional derivatives. They are generally easier to
use and interpret than classical fractional derivatives

In other words, they achieve:

lim
α→0

Dα f (t) = f (t)

lim
α→1

Dα f (t) = f ′(t)

Several authors have contributed to the advancement of conformable fractional deriva-
tives, including Khalil [22], Caputo and Fabrizio [19], and Guebai and Ghiat [23].
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In 2015, Michele Caputo and Mauro Fabrizio introduced their conformable deriva-
tive (1) in such a way that α = 0 has limited relevance, and α = 1 corresponds to the
standard derivative and holds significant physical importance as it describes velocity.

We have also chosen this derivative because it preserves the asymptotic approxima-
tion of the derivative. This is particularly relevant when dealing with non-locality and
real-time evolution, as it introduces a memory effect without compromising the fun-
damental principles associated with the physical necessity of the classical derivative.
This decision is also based on the presence of the integral term in the lemma, ensur-
ing a complete history of the problem and creating a memory effect. Furthermore, the
choice of this derivative maintains a nonsingular kernel, thus ensuring system stability.

In summary, our approach begins by taking the classic Brusselator system and
reformulating it using a conformable fractional derivative.This new formulation allows
us to convert it into a nonlinear Volterra-type equation, which enables us to prove the
existence and uniqueness of the solution while providing us with the necessary tools to
develop a numerical approximation method to solve the problem. We further support
this approach with a numerical simulation based on the Nyström method.

2 Fractional model

Initially, by simplifying the notation of our system of equations, we are going to
equate the components X , Y , A, B, to their respective concentrations [X ], [Y ], [A],
[B], yielding: For T � 1 and t ∈ [0, T ],

X ′(t) = V1A − V2BX(t) + V3X
2(t)Y (t) − V4X(t), (2)

Y ′(t) = V2BX(t) − V3X
2(t)Y (t), (3)

X(0) = Y (0) = 0. (4)

Our initial approach aims to reduce the number of unknowns. In this regard,we observe
that the general solution of the equation Y ′ in (3) is given for all values of t ∈ [0, T ]
as

Y (t) =
(

V2B
∫ t

0
X(s) exp

(

−V3

∫ 0

s
X2(θ)dθ

)

ds + c

)

exp

(

−V3

∫ t

0
X2(θ)dθ

)

.

However, taking into account the initial condition Y (0) = 0, we obtain:

∀t ∈ [0, T ] , Y (t) = V2B
∫ t

0
X(s) exp

(

−V3

∫ t

s
X2(θ)dθ

)

ds. (5)

By substituting (5) into (2), we obtain for all values of t ∈ [0, T ]:

X ′(t) = V1A − (V4 + V2B) X(t)

+ V3V2BX2(t)
∫ t

0
X(s) exp

(

−V3

∫ t

s
X2(θ)dθ

)

ds .
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The new perspective in our work is to introduce Dα
CF X(t) in place of X ′(t), which

results in the following fractional Brusselator model:

Dα
CF X (t) = V1A − (V4 + V2B) X(t)

+ V3V2BX2(t)
∫ t

0
X(s) exp

(

−V3

∫ t

s
X2(θ)dθ

)

ds

Using the fractional integration formula developed in [24], which states that:

∀t ∈ [0, T ] , ∀Z ∈ C1 [0, T ] , Dα
CF Z (t) = F (t, Z(t)) ,

is equivalent to:

∀t ∈ [0, T ] , Z(t) =
(

α

M (α)

)∫ t

0
F (s; Z(s)) ds + 1 − α

M(α)
F (t, Z(t)) ,

we obtain, ∀t ∈ [0, T ],

(

1 +
(
1 − α

M(α)

)

(V4 + V2B)

)

X(t)

=
(
1 − α

M(α)

)

(V3V2B) X2(t)
∫ t

0
X(s) exp

(

−V3

∫ t

s
X2(θ)dθ

)

ds

+
(

α

M(α)

)

V1At

−
(

α

M(α)

)

(V4 + V2B)

∫ t

0
X(s)ds

+
(

α

M(α)

)

(V3V2B)

∫ t

0
X2(s)

(∫ s

0
X(θ) exp

(

−V3

∫ s

θ

X2(τ )dτ

)

dθ

)

ds.

(6)

As α approaches 1, and using the velocity parameters V2 and V3 near 0, the term
below becomes negligible, i.e.

(
1 − α

M(α)

)

(V3V2B) X2(t)
∫ t

0
X(s) exp

(

−V3

∫ t

s
X2(θ)dθ

)

ds ≈ 0,

This provides the final form of our problem as follows:
Find X ∈ C0 [0, T ], the Banach space of continuous functions on [0, T ] in R,

equipped with its usual norm ∀Z ∈ C0 [0, T ] , | Z |= max
t∈[0,T ] | Z(t) |,

such that

∀t ∈ [0, T ] , X (t) =
∫ t

0
N [X ] (s)ds + G(t),
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where, N : C0 [0, T ] −→ C0 [0, T ] and ∀X ∈ C0 [0, T ] , ∀s ∈ [0, T ] ,

X �−→ N [X ] (s) = μαX(s) + ηαX
2(s)

∫ s

0
X(θ) exp

(

−V3

∫ s

θ

X2(τ )dτ

)

dθ,

and

G (t) = αV1A

M(α) + (1 − α) (V4 + V2B)
t,

with,

μα = − α (V4 + V2B)

M(α) + (1 − α) (V4 + V2B)
,

ηα = α (V2V3B)

M(α) + (1 − α) (V4 + V2B)
.

Emphasizing the obvious fact that M (α) + (1 − α) (V4 + V2B) 	= 0.

3 Analytical study

For
[
β, γ

] ⊂ [0, T ] and a, b ∈ R, we introduce the set

Ba,b
[
β, γ

] =
{
X ∈ C0 [β, γ

] : ∀s ∈ [β, γ
]
, a ≤ X (s) ≤ b

}
.

In the following, we consider that X is extended by 0 over [0, T ]\[β, γ ]. This gives:

N [X ] (s) =
⎧
⎨

⎩

μαX(s) + ηαX2(s)
∫ s

β

X(θ) exp

(

−V3

∫ s

θ

X2(τ )dτ

)

dθ, s ∈ [β, γ
]
,

0, s ∈ [0, T ] \ [β, γ
]
.

(7)

Theorem 1 a, b ∈ R, a < b, ∀X ,Y ∈ Ba,b
[
β, γ

]
, ∃La,b > 0

|| N [X ] − N [Y ] ||C0[β,γ ]≤ La,b || X − Y ||C0[β,γ ]

Proof Since | N [X ] (s) − N [Y ] (s) |= 0 for s ∈ [0, β] ∪ [γ, T
]
, we estimate only

on
[
β, γ

]
:

∀s ∈ [β, γ ], | N [X ](s) − N [Y ](s) | = | μα(X(s) − Y (s))

+ ηα

(

X2(s)
∫ s

β

X(θ) exp

(

−V3

∫ s

θ

X2(τ )dτ

)

dθ

− Y 2(s)
∫ s

β

Y (θ) exp

(

−V3

∫ s

θ

Y 2(τ )dτ

)

dθ

)

|
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This gives, ∀s ∈ [β, γ
]
,

| N [X ](s) − N [Y ](s) |≤| μα || X(s) − Y (s) |

+

I1
︷ ︸︸ ︷

| ηα || X2(s) − Y 2(s) ||
∫ s

β

X(θ) exp

(

−V3

∫ s

θ

X2(τ )dτ

)

dθ |

+

I2
︷ ︸︸ ︷

| ηα || Y (s) |2|
∫ s

β

X(θ) exp

(

−V3

∫ s

θ

X2(τ )dτ

)

dθ −
∫ s

β

Y (θ) exp

(

−V3

∫ s

θ

Y 2(τ )dτ

)

dθ | .

(8)

It is clear that for ∀X ∈ Ba,b
[
β, γ

]
, || X ||C0[β,γ ]≤ max (| a |, | b |), which

implies,

I1 ≤ 2 | ηα | (max (| a |, | b |))2 s | X (s) − Y (s) | ,

≤ 2 | ηα | (max (| a |, | b |))2 T || X − Y ||C0[β,γ ] .

And,

I2 ≤ | ηα |
(
max

(
a2, b2

)) ∫ s

β

| X(θ) − Y (θ) | exp
(

−V3

∫ s

θ

X2 (τ ) dτ

)

dθ

+ | ηα |
(
max (| a |, | b |)2

) ∫ s

β

| Y (θ) | ×

| exp
(

−V3

∫ s

θ

X2 (τ ) dτ

)

− exp

(

−V3

∫ s

θ

Y 2 (τ ) dτ

)

|
︸ ︷︷ ︸

I3

dθ .

But we know that for ∀t1, t2 ∈ R+; | e−t1 − e−t2 |≤| t1 − t2 |. Therefore,

I3 ≤ V3 |
∫ s

θ

(
X2(τ ) − Y 2(τ )

)
dτ | ,

≤ 2V3 max (| a |, | b |) T || X − Y ||C0[β,γ ] .

This gives,

I2 ≤ | ηα |
(
max

(
a2, b2

))
T || X − Y ||C0[β,γ ]

+ 2V3 | ηα |
(
max

(
a4, b4

))
T 2 || X − Y ||C0[β,γ ]
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Substituting I1 and I2 into (10), we find,

| N [X ] (s) − N [Y ] (s) | ≤ | μα ||| X − Y ||C0[β,γ ]

+ 2 | ηα |
(
max

(
a2, b2

))
T || X − Y ||C0[β,γ ]

+ 2V3 | ηα |
(
max

(
a4, b4

))
T 2 || X − Y ||C0[β,γ ] .

We conclude that, ∀X ,Y ∈ Ba,b
[
β, γ

]
,

|| N [X ] − N [Y ] ||C0[β,γ ]≤ La,b || X − Y ||C0[β,γ ],

with,

La,b =
(
| μα | +2T | ηα |

(
max

(
a2, b2

))
+ 2V3T

2 | ηα |
(
max

(
a4, b4

)))
.

��
Theorem 2 : The equation

X(t) =
∫ t

0
N [X ] (s) ds + G (t) .

has a unique continuous solution X in C0 [0, T ].

Proof Let T1 ∈]0, T ], sufficiently close to zero. For t ∈ [0, T1], we define the Picard
sequence {Xn}n≥0 [25] as follows:

⎧
⎨

⎩

X0(t) = G(t),

Xn+1(t) =
∫ t

0
N [Xn](s) ds + G(t), n ≥ 0.

(9)

Now, if Z ∈ C0[0, T1], such that

‖Z − G‖C0[0,T1] ≤ 1

1 − δ
‖M[G]‖C0[0,T1],

where δ ∈]0, 1[ and M[G](t) =
∫ t

0
N [G](s) ds.

This results in ∀s ∈ [0, T1],

− 1

1 − δ
|| M[G] ||C0[0,T1]≤ Z(s) − G(s) ≤ 1

1 − δ
|| M[G] ||C0[0,T1],

a = − 1

1 − δ
|| M[G] ||C0[0,T1] + min

0≤s≤T1
G(s) ≤ Z(s) ≤

1

1 − δ
|| M[G] ||C0[0,T1] + max

0≤s≤T1
G(s) = b.
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This leads to,
∃La,b > 0,∀X ,Y ∈ Ba,b [0, T1] ,

|| N [X ] − N [Y ] ||C0[0,T1]≤ La,b || X − Y ||C0[0,T1] .

We choose T1 sufficiently close to 0 to obtain

T1La,b ≤ δ.

We introduce the mathematical statement for n ≥ 1

(Pn)

⎧
⎨

⎩

|| Xn − G ||C0[0,T1]≤
1

1 − δ
‖M[G]‖C0[0,T1],

|| Xn+1 − Xn ||C0[0,T1]≤ δn || X1 − X0 ||C0[0,T1] .
(10)

We proceed by induction, we have, ∀t ∈ [0, T1] ,

X1(t) =
∫ t

0
N [G](s)ds + G(t),

| X1(t) − G(t) |≤ max
0≤t≤T1

|
∫ t

0
N [G](s)ds |,

|| X1 − G ||C0[0,T1]≤
1

1 − δ
‖M[G]‖C0[0,T1],

This allows us to perform, ∀t ∈]0, T1]

| X2(t) − X1(t) | = |
∫ t

0
(N [X1] (s) − N [X0] (s)) ds |,

≤ T1La,b || X1 − X0 ||C0[0,T1],
≤ δ || X1 − X0 ||C0[0,T1] .

Now, suppose that (Pn) is true and let’s demonstrate (Pn+1)

|| Xn+1 − G ||C0[0,T1] ≤ || Xn+1 − Xn ||C0[0,T1] + || Xn − Xn−1 ||C0[0,T1]
+ ...+ || X1 − X0 ||C0[0,T1],
≤ δn || X1 − X0 ||C0[0,T1] +δn−1 || X1 − X0 ||C0[0,T1]
+ ... + δ0 || X1 − X0 ||C0[0,T1],

≤ 1 − δn+1

1 − δ
|| X1 − X0 ||C0[0,T1],

≤ 1

1 − δ
|| M [G] ||C0[0,T1] .
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This allows us to perform for all ∀t ∈ [0, T1]

| Xn+2(t) − Xn+1(t) | = |
∫ t

0

(
N
[
Xn+1

]
(s) − N [Xn] (s)

)
ds |,

≤ T1La,b || Xn+1 − Xn ||C0[0,T1],
≤ δn+1 || X1 − X0 ||C0[0,T1] .

Now, we demonstrate the existence of the solution by defining the sequence:

∀n ≥ 1, Xn =
n∑

k=1

(Xk − Xk−1) + G. (11)

But,
n∑

k=1

(Xk − Xk−1) is normaly convergent, i.e.

||
n∑

k=1

(Xk − Xk−1) ||C0[0,T1] ≤
n∑

k=1

|| Xk − Xk−1 ||C0[0,T1],

≤
(
n−1∑

k=0

δk

)

|| X1 − X0 ||C0[0,T1],

≤ 1

1 − δ
|| X1 − X0 ||C0[0,T1] .

then, ∃X ∈ C0 [0, T1], lim
n→+∞ Xn = X

lim
n→+∞ Xn+1(t) = lim

n→+∞

∫ t

0
N [Xn] (s)ds + G(t),

lim
n→+∞ Xn+1(t) =

∫ t

0
lim

n→+∞ N [Xn] (s)ds + G(t),

lim
n→+∞ Xn+1(t) =

∫ t

0
N

[

lim
n→+∞ Xn

]

(s)ds + G(t).

Therefore,

∀t ∈ [0, T1] , X(t) =
∫ t

0
N [X ] (s)ds + G(t).

We assume that over [0, T1], our equation has two solutions X and X̃ , with,

∀t ∈ [0, T1] , X̃(t) =
∫ t

0
N
[
X̃
]
(s)ds + G(t). (12)
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Similarly, we conclude that

|| X − X̃ ||C0[0,T1]≤ δ || X − X̃ ||C0[0,T1] .

Therefore, || X − X̃ ||C0[0,T1]= 0. This proves the uniqueness of the solution X .
For t > T1, we choose T2 closer to T1,in same way and, we rewrite our equation in

the following form,

∀t ∈ [T1, T2] , X(t) =
∫ t

T1
N [X ] (s)ds + G1(t), (13)

where,

G1(t) =
∫ T2

T1
N [X1] (s)ds + G(t),

and X1 is the unique solution obtained previously on [T0, T1]. Using Theorem 1,
which proves the local Lipschitz property of N and following the same steps as before,
we show that (18) has a unique solution X2 ∈ C0 [T1, T2].

We notice that, X1(T1) = X2(T2), which proves that

X12 =
{
X1(t) [0, T1],
X2(t) [T1, T2],

belongs to C0 [T0, T2] and it is the unique solution of our equation on [T0, T2]. We
repeat this same process for the intervals

[
Ti , Ti+1

]
, 2 ≤ i ≤ N − 1, in order to

construct the unique solution of our equation in C0 [0, T ]. ��

4 Numerical simulation

In this section, we propose a numerical simulation based on the Nyströmmethod [25–
28] with the trapezoidal rule [29, 30]. For that, we introduce a subdivision of [0, T ]

as follows: ∀n ≥ 2, h = T

n + 1
, t j = ( j − 1)h, 1 ≤ j ≤ n.

The weights of the numerical integration method are given for 1 ≤ j ≤ n, by:

{

W1 = Wn = 1

2
,

Wj = 1, 2 ≤ j ≤ n − 1.
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Fig. 1 X dominates Y

Fig. 2 Y dominates X

Once this method is applied to our equation, we obtain, for n ≥ 2, the following
nonlinear system:

X1 = 0,

Xi = h
i∑

j=1

Wj

⎛

⎝μαX j + ηαhX
2
j

j∑

p=1

WpX p exp

⎛

⎝−V3h
j∑

q=p

Wq X
2
q

⎞

⎠

⎞

⎠

+ G(ti ), 2 ≤ i ≤ n.
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Fig. 3 No one dominates

Which we rewrite as

X1 = 0,

Xi = φi (Xi ) + ψi , 2 ≤ i ≤ n,

where,

φi (Xi ) = hWi

(
μαXi + ηαhWi X

3
i exp

(
−V3hWi X

2
i

))
,

ψi = h
i−1∑

j=1

Wj

⎛

⎝μαX j + ηαhX
2
j

j∑

p=1

WpX p exp

⎛

⎝−V3h
j∑

q=p

Wq X
2
q

⎞

⎠

⎞

⎠+ G(ti ).

For each 2 ≤ i ≤ n, Xi is approached using a Banach sequence of the form

X0
i = Xi−1,

Xν+1
i = φi (X

ν
i ) + ψi , ν ≥ 0,

with the following stop condition | Xnew
i − Xold

i |< 10−7.
The sequence {Xi }ni=1, once computed, will be used to approximate the function Y

using

Y1 = 0,

Yi = V2Bh
i∑

j=1

Wj X j exp

⎛

⎝−V3h
i∑

p= j

WpX p

⎞

⎠ , 2 ≤ i ≤ n.

If we take A = 0.5, B = 0.7, V1 = 2, V2 = 2, V3 = 2.7, V4 = 1.4, α =
0.99999, T = 10 and n = 1000, we obtain a situation where X dominates Y , see
Fig. 1.
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If we take A = 0.5, B = 0.7, V1 = 2, V2 = 2, V3 = 1.4, V4 = 1.4, α =
0.99999, T = 10 and n = 1000, we obtain a situation where Y dominates X , see
Fig. 2.

If we take A = 0.5, B = 0.7, V1 = 2, V2 = 2, V3 = 2.2, V4 = 1.4, α =
0.99999, T = 10 and n = 1000, we obtain a situation where no one dominates, see
Fig. 2.
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