
Journal of Applied Mathematics and Computing (2023) 69:2531–2548
https://doi.org/10.1007/s12190-022-01821-z

ORIG INAL RESEARCH

A new hybrid conjugate gradient algorithm based on the
Newton direction to solve unconstrained optimization
problems

Naima Hamel1 · Noureddine Benrabia1,2 ·Mourad Ghiat1 · Hamza Guebbai1

Received: 15 July 2022 / Revised: 12 November 2022 / Accepted: 20 November 2022 /
Published online: 27 February 2023
© The Author(s) under exclusive licence to Korean Society for Informatics and Computational Applied
Mathematics 2023

Abstract
In this paper, we propose a new hybrid conjugate gradient method to solve uncon-
strained optimization problems. This new method is defined as a convex combination
of DY andDL conjugate gradient methods. The special feature is that our search direc-
tion respects Newton’s direction, but without the need to store or calculate the second
derivative (the Hessian matrix), due to the use of the secant equation that allows us to
remove the troublesome part required by the Newton method. Our search direction not
only satisfies the descent property, but also the sufficient descent condition through the
use of the strong Wolfe line search, the global convergence is proved. The numerical
comparison shows the efficiency of the new algorithm, as it outperforms both the DY
and DL algorithms.
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1 Introduction

In this study, we consider the unconstrained optimization problems formulated as
follows:

min
x∈Rn

f (x), (1)

where, f :Rn �→ R is a continuously differentiable function and its gradient is denoted
by g(x) = ∇ f (x). The numerical techniques for solving (1) are iterative, specifically,
starting with an appropriate initial vector x0 ∈ R

n , the iterations are generated by this
reccurence relation :

xk+1 = xk + αkdk, k ≥ 0, (2)

where, αk is the step size determined using an exact/inexacte line search technique,
and dk is the search direction supposed to satisfy the descent property

gTk dk < 0, k ≥ 0,

or the suffcient descent condition

gTk dk ≤ −C ‖ gk ‖2, k ≥ 0,

where C > 0 [1]. The step size αk is mostly chosen to satisfy the following famous
strong Wolfe inexact line search [2, 3]

f (xk + αkdk) ≤ f (xk) + δαkg
T
k dk (3)

|g(xk + αkdk)
T dk | ≤ −σ gTk dk, (4)

where, 0 < δ < σ < 1
2 .

Depending on the calculation of the search direction, there are several methods to
solve (1), in this study we are interested by the Newton method and the conjugate
gradient methods. The search direction of the Newton method is calculated as follows

dk+1 = −∇2 f (xk+1)
−1gk+1, (5)

where, ∇2 f (xk+1) is the Hessian matrix of f . The Newton method uses the second
derivative information (Hessian matrix) to update the search direction dk which allows
it to give a quadratic convergence rate, but in practice, especially when n is large,
methods that do not require Hessian evaluation are preferred over those needing it
[4]. The conjugate gradient method does not require much storage space compared to
other methods, because it only needs the first derivative information, hence it is very
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practical for solving large-scale unconstrained optimization problems [4], the search
direction given as:

d0 = −g0, dk+1 = −gk+1 + βkdk . (6)

Depending on the choice of the parameter βk ∈ R known as the conjugate gradient
parameter, there are several different conjugate gradient algorithms. In the following,
we recall some famous formulas for this parameter:

βHS
k = gTk+1yk

dTk yk
, (HS-Hestenes and Stiefel [5]),

βFR
k = ‖ gk+1 ‖2

‖ gk ‖2 , (FR-Fletcher and Reeves [6]),

βPRP
k = gTk+1yk

‖ gk ‖2 , (PRP-Polak and Ribire [7, 8]),

βCD
k = ‖ gk+1 ‖2

−dTk gk
, (CD-conjugate descent [9]),

βLS
k = gTk+1yk

−dTk gk
, (LS-Liu and Storey [10]),

βDY
k = ‖ gk+1 ‖2

dTk yk
, (DY-Dai and Yuan[11]),

βDL
k = gTk+1(yk − tsk)

dTk yk
, (DL - Dai and Liao [12]).

Where, ‖ . ‖ is the Euclidean norm, t ≥ 0, yk = gk+1 − gk and sk = αkdk . In
the linear case, i.e. if the objective function is quadratic and αk satisfies the exact
line search, DY, FR, CD, PRP, HS, LS conjugate gradient methods are identical.
Therefore, the convergence results are similar. For general nonlinear functions, the
convergence results are related to the selection of the parameter βk and the type of the
line search applied. DL conjugate gradient method is considired as a modification of
the Hestenes and Stiefel (HS) method [12] and one of the best performing conjugate
gradient methods.

Many researchers have tried to devise new methods based on hybrid technics,
which are considered more efficient than the original methods, because they aim to
integrate the strengths and good performance of the methods to be combined. So,
several hybrid methods are suggested, for example, in [13] Yao and Qin suggested a
nonlinear conjugate gradient methodwhich can be viewed as a hybrid of DL andWYL
conjugate gradient methods. Xu and Kong [14] also suggested two hybrid methods,
the first one is a linear combination between DY and HS conjugate gradient methods
and the second one is between FR and PRP. Following the work done by Xu and Kong
[14], Narayanan and Kaelo [4] developed a new hybrid conjugate gradient method as a
linear hybridization between the DY method and the HS method or its modifications.
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Djordjevic [15] proposed a hybrid conjugate gradient method by using the convex
combination of FR and PRP methods, the search direction satisfies the conjugacy
condition, see also [16–21]. Andrai [22] introduced another hybrid conjugate gradient
methodwith βk computed as a convex combination of DY andHSmethods, the special
feature of this hybrid method is that the search direction is the Newton direction and
it outperforms many other conjugate gradient methods. This idea has inspired many
researchers to devise new hybrid methods, see [1, 23–29]. Note that, DY method has
strong convergence results but poor behavior and in general, the HS method may not
converge, but in practice it is very efficient. Aswe know,DLconjugate gradientmethod
is the modification of the HS method [12] and one of the best performing conjugate
gradient methods. For these reasons and motivated by Andrai’s idea [22], we suggest
to combine DY and DL methods as a new hybrid conjugate gradient algorithm to
solve (1) by computing the conjugate gradient parameter βk denoted in this paper by
βHBGG
k as a convex combination of DY and DL formulas:

βHBGG
k = (1 − θk)β

DL
k + θkβ

DY
k ,

where, θk ∈ [0, 1], andwe seek to combine some good properties of both our conjugate
gradient method and Newton’s method by making our search direction represents
Newton’s search direction,without computing or storing the second derivative required
by Newton’s method.

The paper is organized in the followingmanner. In Sect. 2, we build the newmethod
and obtain the value of the parameter θk , also we present the algorithm of our method
and prove that, under a strongWolfe line search , the descent property and the sufficient
descent condition hold. In Sect. 3, the global convergence of the newmethod is proved.
Then we discuss the numerical results in Sect. 4. Finally the conclusions are provided
in Sect. 5.

2 The new hybrid conjugate gradient method

In this section, we introduce our hybrid conjugate gradient method as a convex com-
bination of DY and DL algorithms by defining the search direction as follows:

d0 = −g0, dk+1 = −gk+1 + βHBGG
k dk, (7)

where

βHBGG
k = (1 − θk)β

DL
k + θkβ

DY
k . (8)

So, we can write

d0 = −g0, dk+1 = −gk+1 + (1 − θk)β
DL
k dk + θkβ

DY
k dk, (9)
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where θk ∈ [0, 1]. If θk = 0, then βHBGG
k = βDL

k and if θk = 1, then βHBGG
k = βDY

k .
On the other hand if 0 < θk < 1 then βHBGG

k is the convex combination between
βDY
k and βDL

k .
Assume that ∇2 f (x)−1 exists at each iterative point for the objective function f .

As we know, the Newton method has quadratic convergence property for solving (1),
this partly depends on its search direction, so we are going to build a new hybrid
conjugate gradient method having some good properties of the Newton method. To
achieve this, we compute the scalar θk such that our search direction given by (9) is
equal to the Newton direction, i.e.

− gk+1 + (1 − θk)β
DL
k dk + θkβ

DY
k dk = −∇2 f (xk+1)

−1gk+1. (10)

This idea is similar to that of Andrai, see [22].
Multiplying both sides of the equation (10) by sTk ∇2 f (xk+1) from the left we obtain:

−sTk ∇2 f (xk+1)gk+1 + (1 − θk)β
DL
k sTk ∇2 f (xk+1)dk + θkβ

DY
k sTk ∇2 f (xk+1)dk

= −sTk gk+1. (11)

Assume that the pair (sk, yk) satisfies the following secant condition

∇2 f (xk+1)sk = yk,

i.e.

sTk ∇2 f (xk+1) = yTk .

Then (11) becomes

−yTk gk+1 + (1 − θk)β
DL
k yTk dk + θkβ

DY
k yTk dk = −sTk gk+1.

After some algebraic calculations, we get

θk = −sTk gk+1 + yTk gk+1 − βDL
k yTk dk

(−βDL
k + βDY

k )yTk dk

= −sTk gk+1 + yTk gk+1 − gTk+1yk + tgTk+1sk

(−gTk+1(gk+1 − gk) + tgTk+1sk+ ‖ gk+1 ‖2

= −sTk gk+1 + tgTk+1sk

−gTk+1gk+1 + gTk+1gk + tgTk+1sk+ ‖ gk+1 ‖2

= sTk gk+1(t − 1)

gTk+1(gk + tsk)
. (12)

Clearly, although we have calculated the scalar θk so that the direction (9) is the
Newton direction, our algorithm does not require to calculate or store the second
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derivative (the Hessian matrix) required by the classical Newton method, and this is
due to the use of the secant equation. Observe that, the θk parameter in (12) may be not
in the interval [0, 1] for some iterations. Therefore, to have a real convex combination
in (8), we consider this rule: If θk ≤ 0 then take θk = 0 in (8), i.e. βHBGG

k = βDL
k , if

θk ≥ 1, then take θk = 1 in (8), i.e. βHBGG
k = βDY

k .
Now, we present our HBGG algorithm which has some nice features of both con-

jugate gradient algorithm and Newton’s algorithm.

Algorithm 1 HBGG algorithm
1: Choose the initial point x0 ∈ R

n , ε > 0.
2: Choose the parameter t > 1.
3: Calculate f0 = f (x0) and g0 = ∇ f (x0).
4: Set d0 = −g0, the initial guess α0 = 1

‖g0‖ . Let k = 0.
5: Test a criterion to stop the iterations
6: if ‖ gk ‖≤ ε then
7: Stop
8: else
9: go to step 11
10: end if
11: Compute the step size αk by the strong Wolfe conditions (3), (4).
12: Updating the next iterate by: xk+1 = xk + αkdk .
13: Compute gk+1 = ∇ f (xk+1), yk = gk+1 − gk and sk = xk+1 − xk .
14: if gTk+1(gk + tsk ) = 0 then
15: θk = 0
16: else
17: calculate θk as in (12)
18: end if
19: if θk ≤ 0 then
20: βHBGG

k = βDL
k .

21: else if θk ≥ 1then
22: βHBGG

k = βDY
k .

23: else
24: calculate βHBGG

k as in (8).
25: end if
26: Compute dk+1 = −gk+1 + βHBGG

k dk .

27: Set the initial guess αk = αk−1
‖dk−1‖‖dk‖ and let k = k + 1.

28: go to step 6

Remark 1 If βHBGG
k = βDL

k or βHBGG
k = βDY

k , then in these two cases, please refer
to [12] and [11] respectively.

Theorem 1 Let θk be given by (12) and supposed 0 < θk < 1, assume that t > 1
and αk in Algorithm 1 is determined by the strong Wolfe line search (3), (4), then the
direction defined by (9) is a descent direction, i.e. gTk dk < 0.

Proof The proof is done by recurrence. For k=0 : gT0 d0 = −gT0 g0 = − ‖ g0 ‖2< 0.
Suppose that gTk dk < 0 is satisfied for k ≥ 1 and show that it is satisfied for k + 1.
Multiply (9) by gk+1 we find
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gTk+1dk+1 = − ‖ gk+1 ‖2 +(1 − θk)β
DL
k gTk+1dk + θkβ

DY
k gTk+1dk ,

= − ‖ gk+1 ‖2 +(1 − θk)
gTk+1(yk − tsk)

dTk yk
gTk+1dk + θk

‖ gk+1 ‖2
dTk yk

gTk+1dk ,

= − ‖ gk+1 ‖2 +(1 − θk)
gTk+1((gk+1 − gk) − tsk)

dTk yk
gTk+1dk

+θk
‖ gk+1 ‖2
dTk yk

gTk+1dk ,

= − ‖ gk+1 ‖2 + gTk+1gk+1 − gTk+1gk − tgTk+1sk

dTk yk
gTk+1dk

−θk
gTk+1gk+1 − gTk+1gk − tgTk+1sk

dTk yk
gTk+1dk + θk

‖ gk+1 ‖2
dTk yk

gTk+1dk ,

= − ‖ gk+1 ‖2 +‖ gk+1 ‖2 −gTk+1gk − tgTk+1sk

dTk yk
gTk+1dk − θk

‖ gk+1 ‖2
dTk yk

gTk+1dk

−θk
−gTk+1gk − tgTk+1sk

dTk yk
gTk+1dk + θk

‖ gk+1 ‖2
dTk yk

gTk+1dk ,

= − ‖ gk+1 ‖2 +‖ gk+1 ‖2 −gTk+1gk − tgTk+1sk

dTk yk
gTk+1dk

+θk
gTk+1gk + tgTk+1sk

dTk yk
gTk+1dk .

We substitute θk in the above relation by (12) to obtain

gTk+1dk+1 = − ‖ gk+1 ‖2 +‖ gk+1 ‖2
dTk yk

gTk+1dk − gTk+1(gk + tsk)

dTk yk
gTk+1dk

+ (t − 1)
sTk gk+1

dTk yk
gTk+1dk . (13)

From (12) we have

gTk+1(gk + tsk)

sTk gk+1(t − 1)
= 1

θk
,

then

gTk+1(gk + tsk) = (t − 1)sTk gk+1

θk
.
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Therefore (13) becomes

gTk+1dk+1 = − ‖ gk+1 ‖2 +‖ gk+1 ‖2
dTk yk

gTk+1dk − (t − 1)sTk gk+1

θkdTk yk
gTk+1dk

+ (t − 1)
sTk gk+1

dTk yk
gTk+1dk . (14)

Observe that, since sk=αkdk then

(t − 1)αk(dTk gk+1)
2

dTk yk
= (t − 1)sTk gk+1

dTk yk
gTk+1dk . (15)

Using strong Wolfe line search (4) we get

dTk yk = g(xk + αkdk)
T dk − gTk dk ≥ −(1 − σ)gTk dk > 0. (16)

Taking t > 1, since αk > 0, dTk yk > 0 and from (15) we conclude that

(t − 1)sTk gk+1

dTk yk
gTk+1dk > 0. (17)

Knowing that 1
θk

> 1, and from (17) it results

(t − 1)sTk gk+1

θkd
T
k yk

gTk+1dk >
(t − 1)sTk gk+1

dTk yk
gTk+1dk ,

− (t − 1)sTk gk+1

θkd
T
k yk

gTk+1dk < − (t − 1)sTk gk+1

dTk yk
gTk+1dk ,

− ‖ gk+1 ‖2 +‖ gk+1 ‖2
dTk yk

gTk+1dk − (t − 1)sTk gk+1

θkd
T
k yk

gTk+1dk + (t − 1)
sTk gk+1

dTk yk
gTk+1dk

< − ‖ gk+1 ‖2 +‖ gk+1 ‖2
dTk yk

gTk+1dk − (t − 1)sTk gk+1

dTk yk
gTk+1dk + (t − 1)

sTk gk+1

dTk yk
gTk+1dk .

Therefore (14) becomes

gTk+1dk+1 < − ‖ gk+1 ‖2 +‖ gk+1 ‖2
dTk yk

gTk+1dk − (t − 1)sTk gk+1

dTk yk
gTk+1dk +

(t − 1)
sTk gk+1

dTk yk
gTk+1dk,

= − ‖ gk+1 ‖2 +‖ gk+1 ‖2
dTk yk

gTk+1dk, (18)
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= −(1 − gTk+1dk

dTk yk
) ‖ gk+1 ‖2 . (19)

Since dTk yk > 0 and dTk gk < 0, then gTk+1dk = dTk yk + dTk gk < dTk yk, and

gTk+1dk < dTk yk 	⇒ gTk+1dk

dTk yk
< 1,

−(1 − gTk+1dk

dTk yk
) < 0.

Then (19) becomes

gTk+1dk+1 < −(1 − gTk+1dk

dTk yk
) ‖ gk+1 ‖2< 0. (20)

Therefore gTk dk < 0 which shows that dk is a descent direction. ��
Theorem 2 Let θk be given by (12) and supposed 0 < θk < 1, assume that t > 1 and
αk in Algorithm 1 is determined by the strong Wolfe line search (3), (4), then there
exists a constante C > 0 such that the sufficient descent condition

gTk+1dk+1 ≤ −C ‖ gk+1 ‖2 (21)

holds.

Proof Multiply (9) by gk+1, we get

gTk+1dk+1 = − ‖ gk+1 ‖2 +(1 − θk)β
DL
k gTk+1dk + θkβ

DY
k gTk+1dk,

= − ‖ gk+1 ‖2 +(1 − θk)
gTk+1(yk − tsk)

dTk yk
gTk+1dk + θk

‖ gk+1 ‖2
dTk yk

gTk+1dk .

In the same way as in the previous proof, we obtain the relation (18):

gTk+1dk+1 < − ‖ gk+1 ‖2 +‖ gk+1 ‖2
dTk yk

gTk+1dk,

≤ − ‖ gk+1 ‖2 +|gTk+1dk |
|dTk yk |

‖ gk+1 ‖2 . (22)

From the second strong Wolfe condition (4), it holds

|gTk+1dk | ≤ −σ gTk dk (23)
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i.e.

σ gTk dk ≤ gTk+1dk ≤ −σ gTk dk .

Then

dTk yk = gTk+1dk − gTk dk ≥ −(1 − σ)gTk dk > 0

	⇒ 1

dTk yk
≤ 1

−(1 − σ)gTk dk
. (24)

From (23) and (24) it results

|gTk+1dk |
|dTk yk |

≤ σ

1 − σ
.

Then (22) becomes

gTk+1dk+1 ≤ − ‖ gk+1 ‖2 + σ

1 − σ
‖ gk+1 ‖2

≤ −(1 − σ

1 − σ
) ‖ gk+1 ‖2 . (25)

It suffices to take C =
(
1 − σ

1−σ

)
> 0, because 0 < σ < 1

2 . Hence, the sufficient

descent condition holds. ��
In the Dai and Liao method, the conjugate gradient parameter is given by βDL

k =
gTk+1(yk−tsk )

dTk yk
, where t is a positive parameter (t ≥ 0). In our article, we have combined

the formulas βDL
k and βDY

k as a convex combination, as shown in (8) to build a new
hybrid conjugate gradient algorithm. Clearly, the parameter t appears in (8) and (12),
so we consider t as a positive parameter (t ≥ 0). But we found that, we should only
take values of t > 1 to ensure the descent condition of our direction at each iteration,
as shown in Theorem 1 and Theorem 2. Then, in Algorithm 1, we are restricted to
take values of t > 1. Since t > 1 so we have a large choice for the values of t , we
will choose the optimal value that allows Algorithm 1 to perform well by making a
comparison between some values of t. A detailed discussion will be described later in
Sect. 4.

3 Convergence analysis

The following essential assumptions on the objective function are required to establish
the global convergence of our hybrid method.

Assumption 1 .
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(i) The level set � = {x ∈ Rn/ f (x) ≤ f (x0)} is bounded .
(ii) In some neighborhood N of �, the objective function f is continuously differen-

tiable and its gradient is Lipschitz continuous, i.e. there exists a constant L > 0
such that

‖ g(x) − g(y) ‖≤ L ‖ x − y ‖ for all x, y ∈ N . (26)

These assumptions imply that there exists a constant γ ≥ 0 such that

‖ g(x) ‖≤ γ. (27)

for all x ∈ � [30].

The next lemma gives the famous Zoutendijk conditions [31] proved in [32]

Lemma 1 Suppose that the above assumptions (i) and (ii) hold and consider any
iteration of the form (2), where dk satisfies the descent condition gTk dk < 0 and αk

satisfies the Wolfe inexacte line search or its strong version. Then

∑
k≥0

(gTk dk)
2

‖ dk ‖2 < +∞ (28)

Lemma 2 [23] Suppose that the above assumptions (i) and (ii) hold. If dk is a descent
direction and the step length αk satisfies

gTk+1dk ≥ σ gTk dk, σ < 1, (29)

then

αk ≥ 1 − σ

L

|dTk gk |
‖ dk ‖2 . (30)

Proof Through the use of (29), the Cauchy Schwarz inequality and (26) it holds that:

−(1 − σ)gTk dk ≤ dTk (gk+1 − gk) ≤ Lαk ‖ dk ‖2 .

Hence, the assertion (30) holds. From the second strong Wolfe condition (4) and the
condition (21), αk satisfies (30). According to the assumptions 1 and (21), it results
gTk dk �= 0 ,∀ k ≥ 0. Then, αk = 0 is not satisfying (4). This shows that αk obtained
in the HBGG method is not equal to zero, i.e. there exists a constant λ > 0 such that

αk ≥ λ, for all k ≥ 0. (31)

��
The following theorem ensures the global convergence.
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Theorem 3 Suppose that Assumption 1 holds. Let the sequences {xk} be generated by
HBGG algorithm. Then

lim
k �→∞ in f ‖ gk ‖= 0. (32)

Proof Suppose that (32) does not hold. Then, there exists a constant r > 0 such that

‖ gk ‖> r . (33)

From (8) we have

|βHBGG
k | ≤ (1 − θk)|βDL

k | + θk |βDY
k |,

≤ |βDL
k | + |βDY

k |,

= |gTk+1(yk − tsk)|
|dTk yk |

+ ‖ gk+1 ‖2
|dTk yk |

,

≤ |gTk+1yk | + t |gTk+1sk)|
|dTk yk |

+ ‖ gk+1 ‖2
|dTk yk |

,

≤ ‖ gk+1 ‖‖ yk ‖ +t ‖ gk+1 ‖‖ sk ‖
|dTk yk |

+ ‖ gk+1 ‖2
|dTk yk |

. (34)

According to the second strongWolfe condition (4) and the sufficient descent condition
(21) we have

dTk yk ≥ −(1 − σ)gTk dk ≥ (1 − σ)C ‖ gk ‖2 .

From (33) we get:

dTk yk ≥ (1 − σ)Cr2,

1

dTk yk
≤ 1

(1 − σ)Cr2
. (35)

From (26)

‖ yk ‖=‖ gk+1 − gk ‖≤ L ‖ xk+1 − xk ‖= L ‖ sk ‖≤ LD, (36)

where, D = {max ‖ x − y ‖ /x, y ∈ �} is the diameter of the level set �. From (27),
(35) and (36) then (34) becomes

|βHBGG
k | ≤ γ LD + tγ D

(1 − σ)Cr2
+ γ 2

(1 − σ)Cr2
= γ LD + tγ D + γ 2

(1 − σ)Cr2
= E .
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Fig. 1 Performance profile based on CPU time to choose the optimal t of HBGG algorithm

Therefore

‖ dk+1 ‖≤‖ gk+1 ‖ +|βHBGG
k | ‖ dk ‖≤ γ + E ‖ dk ‖ . (37)

Using ‖ dk ‖= ‖sk‖
αk

and from (31), we get

‖ dk+1 ‖≤ γ + E
‖ sk ‖

αk
≤ γ + E

D

λ
= M .

Now, we obtain

∑
k≥0

1

‖ dk ‖2 = +∞. (38)

Moreover, from (28), (33) and (21), it results

C2r4
∑
k≥0

1

‖ dk ‖2 ≤
∑
k≥0

C2 ‖ gk ‖4
‖ dk ‖2 ≤

∑
k≥0

(gTk dk)
2

‖ dk ‖2 < +∞, (39)
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Fig. 2 Performance profile based on the number of iterations to choose the optimal t of HBGG algorithm

then

∑
k≥0

1

‖ dk ‖2 < +∞.

This is contradiction with (38), so we have proved (32) . ��

4 Numerical experiment

In this section, we are going to discuss the numerical experiments of our HBGG
algorithm by comparing it with those of DY [11] and DL [12] algorithms. For that we
selected 80 unconstrained optimization test problems from [33], each problem is tested
for this variables: 2, 50, 100, 200, 500, 1000, 2000, 3000, 5000 and 10000. All codes
are compiledwith a PCwith the following specifications Intel(R) Core(TM) i5-3210M
CPU @ 2.50GHz 2.50 GHz, 4,00 Go RAM. We present the numericals comparisons
with the other algorithms including the performance profiles given by Dolan andMoré
[34], under strong Wolfe line search conditions (3), (4) with δ = 0.0001 and σ = 0.1,
and we use the stopping criterion ‖ gk ‖∞≤ 10−7 for all algorithms.
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Fig. 3 Performance profile for CPU time

Firstly,we choose thebest valueof theparameter t .AsFigures reffig:naimatempdydl
and reffig:naimaiterdydl show, our HBGG algorithm with t = 300 performs better
than t = 2 and t = 100 in terms of CPU time and the number of iterations.

Note that, concerning the DL method proposed by Dai and Liao [12] the numerical
results were applied for t=1, so we compare HBGG algorithm for t=300 with DL
algorithm for t=1 and t=300.

Figures 3, 4 and 5 show the performance profile based on CPU time, the number
of iterations and the number of functions and gradient evaluations, respectively. All
figures indicate that the performance of the HBGG algorithm for t=300 is significantly
better than DY, DL(t=1) and DL(t=300) algorithms.

5 Conclusion

In this paper, we have presented a new hybrid conjugate gradient algorithm which has
some good properties of theNewtonmethod. In order to achieve this, we combinedDY
andDLmethods as a new hybrid conjugate gradient method in which the parameter βk

is computed via a convex combination ofβDY
k andβDL

k , ie:βk = (1−θk)β
DL
k +θkβ

DY
k ,

where the parameter θk was calculated in such away that our search direction is equal to
the Newton direction. Our algorithm does not need to calculate or store the the Hessian
matrix needed by Newton’s method. Using the strong Wolfe inexact line search we
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Fig. 4 Performance profile for the number of iterations
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Fig. 5 Performance profile for functions and gradient evaluations
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proved the sufficient descent property and global convergence. Our algorithm is more
efficient than DY an DL algorithms, as shown by the numerical results In our future
research, we will further develop our algorithm to be more efficient.
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