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Abstract

In this paper, we propose a new hybrid conjugate gradient method to solve uncon-
strained optimization problems. This new method is defined as a convex combination
of DY and DL conjugate gradient methods. The special feature is that our search direc-
tion respects Newton’s direction, but without the need to store or calculate the second
derivative (the Hessian matrix), due to the use of the secant equation that allows us to
remove the troublesome part required by the Newton method. Our search direction not
only satisfies the descent property, but also the sufficient descent condition through the
use of the strong Wolfe line search, the global convergence is proved. The numerical
comparison shows the efficiency of the new algorithm, as it outperforms both the DY
and DL algorithms.

Keywords Unconstraind optimization - Conjugate gradient method - Newton
direction - Hybrid method - Global convergence

Noureddine Benrabia, Mourad Ghiat and Hamza Guebbai contributed equally to this work.

B4 Mourad Ghiat
ghiat.mourad @univ-guelma.dz; mourad.ghi24 @ gmail.com

Naima Hamel
hamel.naima@univ-guelma.dz; hamelnaima24 @ gmail.com

Noureddine Benrabia
n.benrabia@univ-soukahras.dz; noureddinebenrabia@yahoo.fr

Hamza Guebbai

guebbai.hamza @univ-guelma.dz; guebaihamza@yahoo.fr

Laboratoire de Mathématiques Appliquées et de Modélisation, Université 8 Mai 1945 Guelma,
B.P. 401, 24000 Guelma, Algeria

Département de Mathématiques et Informatique, Université Mohamed-Chérif Messaadia, B.P. 1553,
41000 Souk Ahras, Algeria

@ Springer


http://crossmark.crossref.org/dialog/?doi=10.1007/s12190-022-01821-z&domain=pdf

2532 N. Hamel et al.

Mathematics Subject Classification 90C06 - 90C26 - 90C30 - 65K05 - 49M15

1 Introduction

In this study, we consider the unconstrained optimization problems formulated as
follows:

min f(x), ey

where, f:R" = Ris a continuously differentiable function and its gradient is denoted
by g(x) = V f(x). The numerical techniques for solving (1) are iterative, specifically,
starting with an appropriate initial vector xo € R”, the iterations are generated by this
reccurence relation :

Xkl = Xk +apdy, k>0, (2)

where, oy, is the step size determined using an exact/inexacte line search technique,
and dy, is the search direction supposed to satisfy the descent property

gidi <0, k=0,
or the suffcient descent condition
gidi <—C g l*. k=0,

where C > 0 [1]. The step size o is mostly chosen to satisfy the following famous
strong Wolfe inexact line search [2, 3]

f O+ axdy) < f ) + Saygl d 3)

g ek + i) di| < —0 g di. “

where,) < § <o < %
Depending on the calculation of the search direction, there are several methods to
solve (1), in this study we are interested by the Newton method and the conjugate
gradient methods. The search direction of the Newton method is calculated as follows

dir1 = =V f ) grt1, )

where, V? f (x4 1) is the Hessian matrix of f. The Newton method uses the second
derivative information (Hessian matrix) to update the search direction d; which allows
it to give a quadratic convergence rate, but in practice, especially when n is large,
methods that do not require Hessian evaluation are preferred over those needing it
[4]. The conjugate gradient method does not require much storage space compared to
other methods, because it only needs the first derivative information, hence it is very
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practical for solving large-scale unconstrained optimization problems [4], the search
direction given as:

do = —g0, dk+1 = —gk+1 + Brdk. (6)

Depending on the choice of the parameter §; € R known as the conjugate gradient
parameter, there are several different conjugate gradient algorithms. In the following,
we recall some famous formulas for this parameter:

T
k
pisS = gkorT—ly, (HS-Hestenes and Stiefel [5]),
k Yk
2
Bk = —””ng” ! , (FR-Fletcher and Reeves [6]),
8k
T
k o
BrRP — ﬁ"“ﬁ .. (PRP-Polak and Ribire [7, 81),
8k
2
,BkCD = %, (CD-conjugate descent [9]),
—dl g
81k
BLS = k;—;g, (LS-Liu and Storey [10]),
—d! g
2
oY = %, (DY-Dai and Yuan[11]),
k Yk
T
—ts
oL — w, (DL - Dai and Liao [12]).
dy; Yk
Where, || . || is the Euclidean norm, ¢t > 0, yx = gr+1 — gk and s = ogdk. In

the linear case, i.e. if the objective function is quadratic and oy satisfies the exact
line search, DY, FR, CD, PRP, HS, LS conjugate gradient methods are identical.
Therefore, the convergence results are similar. For general nonlinear functions, the
convergence results are related to the selection of the parameter Sy and the type of the
line search applied. DL conjugate gradient method is considired as a modification of
the Hestenes and Stiefel (HS) method [12] and one of the best performing conjugate
gradient methods.

Many researchers have tried to devise new methods based on hybrid technics,
which are considered more efficient than the original methods, because they aim to
integrate the strengths and good performance of the methods to be combined. So,
several hybrid methods are suggested, for example, in [13] Yao and Qin suggested a
nonlinear conjugate gradient method which can be viewed as a hybrid of DL and WYL
conjugate gradient methods. Xu and Kong [14] also suggested two hybrid methods,
the first one is a linear combination between DY and HS conjugate gradient methods
and the second one is between FR and PRP. Following the work done by Xu and Kong
[14], Narayanan and Kaelo [4] developed a new hybrid conjugate gradient method as a
linear hybridization between the DY method and the HS method or its modifications.
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2534 N. Hamel et al.

Djordjevic [15] proposed a hybrid conjugate gradient method by using the convex
combination of FR and PRP methods, the search direction satisfies the conjugacy
condition, see also [16-21]. Andrai [22] introduced another hybrid conjugate gradient
method with By computed as a convex combination of DY and HS methods, the special
feature of this hybrid method is that the search direction is the Newton direction and
it outperforms many other conjugate gradient methods. This idea has inspired many
researchers to devise new hybrid methods, see [1, 23-29]. Note that, DY method has
strong convergence results but poor behavior and in general, the HS method may not
converge, butin practice it is very efficient. As we know, DL conjugate gradient method
is the modification of the HS method [12] and one of the best performing conjugate
gradient methods. For these reasons and motivated by Andrai’s idea [22], we suggest
to combine DY and DL methods as a new hybrid conjugate gradient algorithm to
solve (1) by computing the conjugate gradient parameter B denoted in this paper by
,BkH BGG 45 a convex combination of DY and DL formulas:

BEBCY = (1 — 0 BPL + opP?,

where, 6 € [0, 1], and we seek to combine some good properties of both our conjugate
gradient method and Newton’s method by making our search direction represents
Newton’s search direction, without computing or storing the second derivative required
by Newton’s method.

The paper is organized in the following manner. In Sect. 2, we build the new method
and obtain the value of the parameter 6, also we present the algorithm of our method
and prove that, under a strong Wolfe line search , the descent property and the sufficient
descent condition hold. In Sect. 3, the global convergence of the new method is proved.
Then we discuss the numerical results in Sect. 4. Finally the conclusions are provided
in Sect. 5.

2 The new hybrid conjugate gradient method

In this section, we introduce our hybrid conjugate gradient method as a convex com-
bination of DY and DL algorithms by defining the search direction as follows:

do = —go. dir1 =—grr1 + B dy, (7
where
BEGE = (1 —00BP" + oeBPY . (8)
So, we can write
do = —g0, dir1 =—gk+1+ (1 —0)BC di + 0L di, ©)
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where 6 € [0, 1].If 6 = 0, then B B¢Y = BPL andif 6 = 1, then gf/BGC = gPY.
On the other hand if 0 < 6 < 1 then ,3,{1 BGG s the convex combination between
BPY and BPL.

Assume that V2 f(x)~! exists at each iterative point for the objective function f.
As we know, the Newton method has quadratic convergence property for solving (1),
this partly depends on its search direction, so we are going to build a new hybrid
conjugate gradient method having some good properties of the Newton method. To
achieve this, we compute the scalar 6 such that our search direction given by (9) is
equal to the Newton direction, i.e.

— gks1 + (1= 0)BPLdy + 6 BPY di = =V f (1) " gt (10)

This idea is similar to that of Andrai, see [22].
Multiplying both sides of the equation (10) by skT V2 f (xx+1) from the left we obtain:

—si V2 [ Ok @it + (L= 008 s{ V2 f ()i + OBPY s V2 f (vry1)di
_ T
= —5; Gk+1- (1)

Assume that the pair (sx, yx) satisfies the following secant condition
V2 f (e 1)sk = Ve

ie.
sEV2 f(xepn) = yi

Then (11) becomes

—vi g1 + (1= 00)BPEV di + 6 BPY v dik = —s] git1.-

After some algebraic calculations, we get

—s{ g1 + ] girr — BPEY] di
(—BPE + BPY )yl di

—7 gkt + Y ka1 — 8l vk + 18l 5k

(=811 (Grr1 — 80 + 18 s+ Il gear 112
_skTng + tng_HSk

— T T T 2

8y 18k+1 t 818k + 18415kt Il Gk+1 |l
st gk (1 — 1)

= Sk 8k — ) (12)
g[+1(gk + tsi)

Or =

Clearly, although we have calculated the scalar 6y so that the direction (9) is the
Newton direction, our algorithm does not require to calculate or store the second
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derivative (the Hessian matrix) required by the classical Newton method, and this is
due to the use of the secant equation. Observe that, the 6y parameter in (12) may be not
in the interval [0, 1] for some iterations. Therefore, to have a real convex combination
in (8), we consider this rule: If 6 < 0 then take 6 = 0in (8), i.e. BB9C = pPL if
6x > 1, then take 6 = 1 in (8), i.e. f/BGC = pPY.

Now, we present our HBGG algorithm which has some nice features of both con-
jugate gradient algorithm and Newton’s algorithm.

Algorithm 1 HBGG algorithm

: Choose the initial point xo € R", € > 0.
: Choose the parameter ¢t > 1.
: Calculate fo = f(xp) and gg = V f(x0).
: Set dy = —go, the initial guess «g = Teoll" Letk =0.
: Test a criterion to stop the iterations
1 if || gk ||< € then
Stop
: else
go to step 11
: end if
: Compute the step size o by the strong Wolfe conditions (3), (4).
: Updating the next iterate by: x; 1 = x; + oy dg.
: Compute gr41 = V f(xk+1), Yk = 8k+1 — 8k and s = X1 — Xk.
Sif gl (g +15;) = 0 then
: 0 =0
: else
calculate 6 as in (12)
: end if
. if 6, < 0 then
pHBGG _ gDL.

else if 6, > Ithen
HBGG _ pDY
B =B

Ol S R et e el e =)
I e R T T N S S

: else

calculate ﬁlfBGG as in (8).

: end if

: Compute dg 4| = —gk+1 + /SlleGGdk.

: Set the initial guess oy = o1 % andletk =k + 1.

: go to step 6

(SIS )
® 3 U A

Remark 1 If 189G = pPL or BHBCG = BPY | then in these two cases, please refer
to [12] and [11] respectively.

Theorem 1 Let 6 be given by (12) and supposed 0 < 6y < 1, assume that t > 1
and ay in Algorithm 1 is determined by the strong Wolfe line search (3), (4), then the
direction defined by (9) is a descent direction, i.e. ng dr < 0.

Proof The proof is done by recurrence. For k=0 : gl'do = —gl g0 = — |l go II>< 0.
Suppose that ngdk < 0 is satisfied for k > 1 and show that it is satisfied for k + 1.
Multiply (9) by gk+1 we find
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T 2 DL T DY T
gk+1dk+1 = — |l gk+1 II” +(1 —Qk)ﬂk gk+1dk + 0By, 8k+1dkv
gl Ok — tse) [ |12
I e A e TS
d dar
k Yk & Yk
T
8w1 ((8k+1 — 8k) — Isp)
= — || gkt 12+ — ) =F 8l 1k
dT +
k Yk
I gkt 112
o — 7 8k 19k
dl v
2 | S418k+1 ~ 8Lp 18k ~ I8 15K ¢
=—lgk+1 1"+ T i1k
T T T
g, Sk 18k+1 ~ 8jcy 18k — 1815k 7 i+ 6, I gk+1 & J
—k al gl1di + 07—l 14k,
k Yk k
2 T T
— g 12 +” 8k+1 117 — 85y 18k _’gk+15kgkr & — 6, I 8k+1 ||2gk d
= +1 7 8k+l
dl v df yk
T T
0 —8k+18k — 18415 o di + 6 [ gk+1 12 i
—k al eli1di + 0 —7——gl 14k,
k Vk k
5 gk 12 =gl e — el sk 4
=— Il gk+1 I” + 7 8+19k
Sia8k 1815 1
dk Yk

We substitute 6 in the above relation by (12) to obtain

2

T > N gr+1 17 7 ng(gk + tsi) T
div1 == |l gk I +—— dy — ——— k

8k+19k+ 8k+ dkTyk 8k+1 Ty 8k+1

F(— 1)k8k+1
dl yi

k

8k 14k (13)

From (12) we have

gl (e +ts) 1

sfapm(t—1) 6

then

(t — Ds{ gt

T
+tsk) =
8r+1(8k %) O
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Therefore (13) becomes

2 T
T Il g1 |l (t— sy 8k+1 7
Bit1dk+1 = — I ger1 1" +—F—8k11dk — ———7—— 8k+14k
" dfye °°F Okd] i *
gk+1
(= LB T gl 1dk. (14)
di
Observe that, since sp=oydy then
(t — Da(d] grs1)> (= Dsl gry1 o
T = T gk+1dk' (15)
dk Yk dk Yk
Using strong Wolfe line search (4) we get
d{ yi = gk + oudi)  di — gf die = —(1 — 0) gl d > 0. (16)
Taking ¢t > 1, since oy > 0, dkTyk > 0 and from (15) we conclude that
(t — Vs ges1
#gkﬁ]d,{ > 0. (17)
k Yk
Knowing that % > 1, and from (17) it results
t — sl gkq1 . t = Dsl gkq1 4
791#[% k+1%k 761{”{ k+1%>
(t = Dsi g1 7 t—Dsl giy1 7
81 < ———— 819
Od)] yi * ] i *
I g1 1?7 (= Ds{ gt st ng
=gkt I+l d — ——F gk + (t = 1) gk 1
dl yi * Odyl i * dl *
I gkt 17 7 t—Dsl g1 st 8kl 7
<—lgep P +—=Fgl 1dp - —F——g[ | d + - 1) el 1dk-
drl yi * dl i * dl yi *
Therefore (14) becomes
2 T
T o &kt I (t — 1)Sk 8k+1 T
Crr1dk+1 < — |l gk+1 |l +dT—gk+1 k — dT—ngdk +
k Yk k Yk
T
Si 8k+1
= DE—gl s,
k
I gt 12
=— || grs1 II? +W81<T+1dkv (18)
k
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g di
—(1 =20 ) gy 11 (19)
dk

Since d{ yr > 0 and d gr < 0, then g/ dy = dl yv + dl gx < d yx., and

gk 1dk
gk+1dk <dlyy = 21— + <1,

k )’k
T
dy
—(1 =Sy o,
dk Yk
Then (19) becomes
T 4 gk+1 k
Bir1dk+1 < —(1 — e ) Il gkt < 0. (20)
Therefore g; T 1. < 0 which shows that dj, is a descent direction. O

Theorem 2 Let 0y be given by (12) and supposed O < 6y < 1, assume thatt > 1 and
ay in Algorithm 1 is determined by the strong Wolfe line search (3), (4), then there
exists a constante C > 0 such that the sufficient descent condition

8iidirt < —C || g1 I 1)
holds.

Proof Multiply (9) by gi+1, we get

glidirt = — Il gesr 17 +(1 = 008 g dic + 0 BPY gy di
T
Gip1 Ok —15) 1 I g1 112
==l grs1 17+ = o) ————g[ | i + O —7——g(; 1dk.
di yi i d{ yi i
In the same way as in the previous proof, we obtain the relation (18):
2
T 2 N gk+1 17 7
8k 1dke1 < — |l grs1 |l —7 8k 14k,
I8 14|
< = Il gk I+l ger 17 (22)
|dk Vil
From the second strong Wolfe condition (4), it holds
|8i 114k < —o gl d (23)
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i.e.
ogldi < gl di < —ogldy.
Then

diyi =gl 1d — g di = —(1 —o)gld >0

1 1
< . (24)
dfyk — —(1 —0)gl d
From (23) and (24) it results
T
d
|gk;] k| < o .
|dk Vil l-0o
Then (22) becomes
T 2 9 2
Bkr1dit = = I it 17 7 —— I g1 |l
o 2
=s—d=——) 1l gk+1 lI”. (25)

l1—0o

It suffices to take C = (1 — ﬁ) > 0, because 0 < 0 < % Hence, the sufficient

descent condition holds. O

In the Dai and Liao method, the conjugate gradient parameter is given by ,BkD L —
S r—tsp)
dl i
the formulas S kD L and ﬂkD Y as a convex combination, as shown in (8) to build a new
hybrid conjugate gradient algorithm. Clearly, the parameter ¢ appears in (8) and (12),
so we consider ¢ as a positive parameter ( > 0). But we found that, we should only
take values of t > 1 to ensure the descent condition of our direction at each iteration,
as shown in Theorem 1 and Theorem 2. Then, in Algorithm 1, we are restricted to
take values of ¢+ > 1. Since t > 1 so we have a large choice for the values of ¢, we
will choose the optimal value that allows Algorithm 1 to perform well by making a
comparison between some values of t. A detailed discussion will be described later in

Sect. 4.

, where ¢ is a positive parameter (f > 0). In our article, we have combined

3 Convergence analysis

The following essential assumptions on the objective function are required to establish
the global convergence of our hybrid method.

Assumption 1 .
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(1) Thelevel set 2 = {x € R"/f(x) < f(xp)} is bounded .

(i) In some neighborhood N of €2, the objective function f is continuously differen-
tiable and its gradient is Lipschitz continuous, i.e. there exists a constant L > 0
such that

lgx) =g =L llx—yl  forall x,yeN. (26)
These assumptions imply that there exists a constant y > 0 such that
I g(x) II=<y. (27)

for all x € Q [30].

The next lemma gives the famous Zoutendijk conditions [31] proved in [32]

Lemma 1 Suppose that the above assumptions (i) and (ii) hold and consider any
iteration of the form (2), where dy. satisfies the descent condition ng dr < 0 and oy
satisfies the Wolfe inexacte line search or its strong version. Then

T 2
Z M < 400 (28)

2
Slde

Lemma 2 [23] Suppose that the above assumptions (i) and (ii) hold. If d. is a descent
direction and the step length oy, satisfies

giode > oglde, o<1, (29)

then

— o |dT
>1 U|kgk|

oy > . (30)
S AN PATE

Proof Through the use of (29), the Cauchy Schwarz inequality and (26) it holds that:
—(1—o)g{dv < d{ (g1 — 1) < Len | di | .

Hence, the assertion (30) holds. From the second strong Wolfe condition (4) and the

condition (21), oy satisfies (30). According to the assumptions 1 and (21), it results

ngdk # 0,V k > 0. Then, o = 0 is not satistying (4). This shows that oy obtained

in the HBGG method is not equal to zero, i.e. there exists a constant A > 0 such that

ar > A, forall k>0. 3D

O

The following theorem ensures the global convergence.
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Theorem 3 Suppose that Assumption 1 holds. Let the sequences {xy} be generated by
HBGG algorithm. Then

lim inf || g« II= 0. (32)
k00
Proof Suppose that (32) does not hold. Then, there exists a constant » > 0 such that

I gk > r. (33)

From (8) we have

IBABGG| < (1 —600)1BPE | + 61 BPY |,

< 18P+ 18P,

g Gk =180l |l g I
o d |a{ yi|
lel o vkl +tlglisol 1l gerr 112
- \d{ il vl
I grt I i IE+2 1 geer Il s I Il g 11 34
- ld] yi| ld] yk|

According to the second strong Wolfe condition (4) and the sufficient descent condition
(21) we have

dlye = -1 —o)gldi = (1 —0)C | g |I*.
From (33) we get:

dlye = (1 —0)Cr?,

1 1
< ) 35
dlye — (1—=0)Cr? 33)
From (26)
| ye I=Il gk+1 — gk IS L |l xk41 —x I=L || s IS LD, (36)

where, D = {max || x —y || /x, y € Q} is the diameter of the level set Q2. From (27),
(35) and (36) then (34) becomes

|BHBGG| < yLD+1tyD y? _ yLD +1tyD + y? _E
k T (l-o0)Cr2  (1—-o)Cr2  (1-o)Cr2 7
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- = = HBGG (t=300)
02 -
HBGG (t=2)
0.1 - = = HBGG (t=100) i
0 | | | | | |
0 5 10 15 20 25 30
T
Fig. 1 Performance profile based on CPU time to choose the optimal # of HBGG algorithm
Therefore
I dir1 (<Nl gern I HIBIPCCN N di <y + E l di Il - (37)
Using || di |I=
[l sk | D
ldit1 sy +E——=<y+E—-=M.
o A
Now, we obtain
Y = (38)
— = )
Sl
Moreover, from (28), (33) and (21), it results
C2 4 Td 2
A |2 =25 gkgﬁzu =2 (ugifkkn)z Shee Y

k>0 k>0 k>0
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- = = HBGG (t=300)

HBGG (t=2)

- = = HBGG (t=100)
0.1H .

Fig.2 Performance profile based on the number of iterations to choose the optimal # of HBGG algorithm

then
> <
3 .
Slld]
This is contradiction with (38), so we have proved (32) . O

4 Numerical experiment

In this section, we are going to discuss the numerical experiments of our HBGG
algorithm by comparing it with those of DY [11] and DL [12] algorithms. For that we
selected 80 unconstrained optimization test problems from [33], each problem is tested
for this variables: 2, 50, 100, 200, 500, 1000, 2000, 3000, 5000 and 10000. All codes
are compiled with a PC with the following specifications Intel(R) Core(TM) i5-3210M
CPU @ 2.50GHz 2.50 GHz, 4,00 Go RAM. We present the numericals comparisons
with the other algorithms including the performance profiles given by Dolan and Moré
[34], under strong Wolfe line search conditions (3), (4) with § = 0.0001 and 0 = 0.1,
and we use the stopping criterion || g ||oo< 1077 for all algorithms.
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0.9

0.8

0.7
’;‘w
Vi 06
[%2]
Vi
oo05
i
a
3
8 0.4
g
0.3
- -a = HBGG (t=300)
02 DY i
= = = DL (t=1)
o1 = == DL (t=300) i
0 1 1 1
0 5 10 15 20 25

Fig.3 Performance profile for CPU time

Firstly, we choose the best value of the parameter ¢. As Figures reffig:naimatempdydl
and reffig:naimaiterdydl show, our HBGG algorithm with ¢+ = 300 performs better
than t = 2 and ¢ = 100 in terms of CPU time and the number of iterations.

Note that, concerning the DL method proposed by Dai and Liao [12] the numerical
results were applied for t=1, so we compare HBGG algorithm for t=300 with DL
algorithm for t=1 and t=300.

Figures 3, 4 and 5 show the performance profile based on CPU time, the number
of iterations and the number of functions and gradient evaluations, respectively. All
figures indicate that the performance of the HBGG algorithm for t=300 is significantly
better than DY, DL(t=1) and DL(t=300) algorithms.

5 Conclusion

In this paper, we have presented a new hybrid conjugate gradient algorithm which has
some good properties of the Newton method. In order to achieve this, we combined DY
and DL methods as a new hybrid conjugate gradient method in which the parameter Sy
is computed via a convex combination ofﬁkDY and ,B,?L Jie: B = (1 —Ok)ﬂkDL +9k,3,?Y ,
where the parameter 6 was calculated in such a way that our search direction is equal to
the Newton direction. Our algorithm does not need to calculate or store the the Hessian
matrix needed by Newton’s method. Using the strong Wolfe inexact line search we
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0.6

P(Iogz(rpys) <ti1<s< ns)

HBGG (t=300)
DY

- = = DL (t=1)
~ = - DL (t=300)

=
V06 -
Y
y 05 E
&
g‘?‘ 0.4 E
@
0.3 1
- -a— - HBGG (t=300)
02 — DY i
- — = -DL(t=1)
0.1 === DL (t=300) E

1 1 1 1
15 20 25 30
T

Fig.5 Performance profile for functions and gradient evaluations
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proved the sufficient descent property and global convergence. Our algorithm is more
efficient than DY an DL algorithms, as shown by the numerical results In our future
research, we will further develop our algorithm to be more efficient.
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