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Abstract. The purpose of this paper is to present a new conjugate gradient method for solv-
ing unconstrained nonlinear optimization problems, based on Perry’s idea. An accelerated
adaptive algorithm is proposed, where our search direction satisfies the sufficient descent
condition. The global convergence is analyzed using the spectral analysis. The numerical
results are described for a set of standard test problems, and it is shown that the performance
of the proposed method is better than that of the CG-DESCENT, the mBFGS and the SPDOC.
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1. Introduction

It is well known that the nonlinear conjugate gradient method is characterized by
low memory requirements and strong local and global convergence properties and is
more practical than other methods because it minimizes the large-scale unconstrained
optimization problem [1-6]

min f(x), ey

where f is a sufficiently smooth function. This method generates a sequence {x }ren,
where the starting is some xy € R", using the following recurrence relation

X1 = Xg + O4dy, (2)
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where, oy is the step length of the line search, and the directions dj are given by

{ di=—-g 3)
diy1 = — i1 + Brdr, Yk > 1,

where, g = g(xx) = Vf(xt), and By is a conjugate gradient parameter. Well known
formulas for B; include the Hestenes-Stiefel (HS) [7], the Fletcher-Reeves (FR) [8],
the Polak-Ribiére-Polyak (PRP) [9], the Liu-Storey (LS) [10] and the Hager-Zhang
(Hz) [11].

We know that to obtain the global convergence results of the said conjugate gra-
dient methods, it is usually required that the step size ¢y should satisfy some line
search conditions, such as the strong Wolfe line search

f o+ oudy) — f(xi) < Sougy i, “4)
o8 di < g(xi+ oydy) ' di < —og] dy, Q)

1
with, 0 < 6 < = and § < o < 1. The search direction dj | is required to satisfy the
sufficient descent condition

Ay 18k < —cllgrs|? ¢>0. (6)

In addition to what we mentioned, quasi-Newton methods [12,13] are shown to be
sometimes effective methods for solving (1). The search direction of Quasi-Newton
methods is given by

dir1 = —Hi118k+1,

where Hy, | is an approximation to the inverse of the Hessian matrix /> f (xk)*l.
Some authors use this technique in the conjugate gradient method. By using it, Perry
[14] has proposed the following formula in order to compute the parameter [

p_ y;gkﬂ - S;gkﬂ
B = T ©)
dk Yk

where, sy = x¢+1 —xr and y; = gx+1 — k- By substituting (7) in (3) and applying some
simple algebraic manipulations, we obtain the corresponding Perry’s search direction
as follows:

T T

dpy = — <I— SkTyk + SkTsk )gk+1 = —Pr18k+1- 3)
Vi Sk Yy Sk

In Perry’s method, the matrix P, is used to estimate the approximation of the

inverse of the Hessian matrix. If the line search is exact, (dkT gr+1 = 0), then (7)

is identical to the Hestenes and Stiefel [7] conjugate gradient algorithm. Observing

that P is not symmetric, then some authors have modified this matrix to meet
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the previous requirements using different techniques (see for example [15-17]), as
Andrei [18] who presented a symmetric matrix to estimate the inverse of the Hessian
matrix approximation as follows

PN SKYL Vi kSkS;;r ©)
! Vi Sk Yisk

by computing the parameter 71, in some different manner [19].
In this paper, we focus our attention on Perry’s [14] observation using the (HS)
choice, in which the direction d | in (3) can be rewritten as

-
dii1 = —Diy18i1 = — (1— Sky") gt (10)
SkTYk

The matrix Dg; is a conjugate gradient iteration matrix and represents an in-
verse of a Hessian matrix approximation but is not symmetric. In literature, there
have several symmetry procedures have been proposed like the Powell symmetrical
technique [20]. Thus, based on the HS method, many variants have been developed
because it has better computing performance, some of these variants are widely used
in practice.

Moreover, it is very important to choose a good iteration matrix for a general non-
linear conjugate gradient method. Starting from Dy, we propose a new symmetric
and positive definite matrix which always satisfies the sufficient descent condition for
any line search. We also use a certain technique of an accelerated adaptation on our
conjugate gradient algorithm and show that the proposed method converges globally
using the spectral analysis [Spectral analysis refers to us studying the eigenvalues of
the matrix My that comes after (for instance, check Section 2)]. Finally, we describe
the numerical results.

2. The new method

In this section, we present a new algorithm, developed and adapted for solving
large-scale problems, at any iteration.
The matrix Dy, in (10) is not symmetric; so, we propose the following symmetric
one instead

DY — Dl—cirl + Dt —J_ lskylj_+_ykskT
k+1 2 2 S;yk

(11)

As we can see, our proposed matrix is symmetric, and we move to the next step that
is the study of its spectra (consequently its positive definiteness). Thus, one gains
an always-true sufficient condition of the descent.

Theorem 1 Let D?ﬂ be defined by (11). If si and yy, are independent linear vectors

and s} y, # 0. Then, D,iﬁml has 1 for an eigenvalue with multiplicity (n —2); and the
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remaining two eigenvalues are the maximum and the minimum ones ,ul]f;,! and ‘LLI];E

respectively and are formulated by

L1 [ (sosi) (g )
k-1 K k
max = 5+ 5 ) 12
ou“ a 2 2 (s;yk)z ( )
LT (s ) 0 ve)
e b LU k
HMinin = 2 2 (Slj)’k)z (13)
[m]
PROOF Using the following algebraic formula
det(I+xy" +uw") = (1+y x)(14+v u) — (x"v)(y u),
we get
. 1 skyT +yksT
det(DX")) =det | [ — - =k 2k
et(Diy) =de ) s,jyk
T T T V(vT
_ 1_151%)% l—lyﬁsk 1 (SkSkT)(ykgyk) (14)
25, vk Zsgwe ) 4 (e
_ 1 (¢ 5%) 0 )
4 A(s )’
T T
Therefore, the matrix D"} is nonsingular when (sk:kT)(y;‘Zyk) > 1.
Sk Yk
The matrix D,X"l has the eigenvalue 1 (with multiplicity (n —2)).
Since V¢ € span {yk,sk}L
R R e AW I S T S
DI = (1— s~ ) =02y -2y =
2 S Vi PAPRYS 25, Vi
From formula (11), we can get the trace of D}’"| as follows
1 SkyT +yksT
tr(DY) =tr < — Tk TRk
k+1 2 S;jyk
sty
2 siw (15)
=n—1
1 k1
=1+4..4+ 1 +uptl +uctt.
(n—2)times
Therefore, we obtain that
Hanis My = 1. (16)

Also, for the determinant relations

symy o k+1, k+1
det(DkH) = Hmax Hpin >
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and thus

ke, kel L (skTsk)(ykTyk) 17
Minax Himin —Z—W- (I7)

From (16) and (17), we construct the following quadratic equation

1 (S 5k)(y yk)
U —py4+—— Kk YRR 0.
I(‘Sk)k)

Thus, the other two eigenvalues are determined by (12) and (13), respectively. m

(¢ 5%) (v ve)
(s{ y)?
sion, the matrix Dy} is not positive definite.

To render the matrix D;’} positive definite, we need to raise its power to 2p,
p € N*. To this end, let the formula be

From the previous theorem and > 1, we get urﬁrnl < 0. So, in conclu-

2p
_1M> | (18)

Miy1 = (DY) = <I
k+1 2 SkTyk

Then, applying the previous theorem, the eigenvalues of Mj | are similar to those
of D,g:"l only that its maximum and minimum ones (k,:;l and )Lkl |» respectively)

) 2p _ 2p
are given by A,/ | = (u{;txl) v Mg = (ILLII;TIII) :

However, if s; and y;, were linearly dependent vectors, i.e sy = Oy, then M
would be reformulated as

o 2p
M= (o (12t} )™,

that yields

TN 2P

Vi

Mk+1:<21—y’;;k> . (19)
k

Then, the eigenvalues of the matrix M| consist of 227 with (n — 1 multiplicity),

and A, = 1, because D;'"| is diagonalizable for any function H defined on

Sp(DyY}) C D(H), then sp(H (D)) = H(Sp(D;}}))- In the previous case, we took
H(a) = (a+ (1 —uk1))? to obtain the above eigenvalues.

From the simple adaptive strategy applied to the matrix Dy, we have the follow-
ing search direction

diy1 = —Mi118k+1, (20)

where

(19) if sp=o0y

Mici1 _{ (18) otherwise. @h
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The next theorem implies that our method satisfies the sufficient descent condi-
tion.

Theorem 2 Let the sequence {dy. }ken be generated by (20). Then the search di-
rection satisfies the sufficient descent condition

d g < —cllgen|? ¢>0.

PROOF For all k£ > 1, we have from (20) and the fact that M, is a symmetric,
positive definite matrix,

A8k = =8l M8k < — A llgrs |1 (22)

This shows that the descent condition is satisfied. n

3. The acceleration of the new conjugate gradient algorithm

We know that the best features of the conjugate gradient methods are their simple
iterations and low memory requirements. However, the proposed matrix in the previ-
ous section requires a large storage space which is not easy to apply in this form to
a large scale unconstrained optimization problem. In order to overcome this difficulty,
we propose an accelerated formula to calculate M| more efficiently.

The next theorem shows this new reformulation of M.
Theorem 3 Let My be defined by (18). Then,

<I Ly sy

2p
T T T T
2 sw > =1+Mm (Skyk + YiSy ) + O2pSikSi + VpYiVi » (23)

where

1 1 2p—1 1 2p-1 -1 1
Ty = 2<(2—@) (34 van) )(2<s;yk>‘<4akbk—1><slyk>>

by —ar (1 2p-1 ar 1 2p-l
T (abi— )50 (zm(z‘@> *zm(ﬁ “"”") )
1
(darbe —1)(s] yi)’

&y = — akbk((;_m)2pl_<;+@>2pl> (2( —daghy—1 >

2ay, 4arby — 1) (s, ye)

by 1/1 b 2p-1
— <2<2—\/akbk +§ §+ akbk —1 y

(4arbi — 1) (s{ vk)
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o — akbk 1 2p-1 1 2p-1 —4akbk —1

dabr —1)(s; yx)
2a; 1/1 2p-1 1(1 )21"1
- (= = =+ arh —1],
(daxb — 1) (5] i) (z (2 U "> 2 \2 TV Ak

T T
St Sk Vi Vi
and b, = — .
2(s x) 2(sy i) o

with ap = —

PROOF We give a proof by induction. For p =1,

2
1yl +vis 3 T 3 T Vi Yk - sS4 Sk

/[— )= :1775‘]()7’( — yksk —+ Sksk —+ ];r
( 2 sl 4(s¢ i) 4(sy i) S3 k)2 Sg Vi) 2R

=
k

p
We, then assume that for any p > 1, < — )

verifies (23), and we
syl +yusi
SkTyk
2p+1
( ) 1w§+w2> _

2p+1
show that <I — > also holds.
2 s;yk

B SKYE Vi _
2(s{ yx)

M2p _ '}’Zpyl—(r)’k> T

= (1 + T?szky;;r + nzpykSkT + 52,7S1<SkT + 7’2pyky1j ) (1

—1 5. s
=1+< M B k>sky,j+<

- &Sk

(spye) 2 2(s{m) (spve) 2 2(s{x)

5217 n2py;j)’k T Yop anSkTSk T
o el NOUR Y (= A
( 2 2(s{w) ¢ 2 2(swe) ¢
where, similarly, we get
S L S VRV N et BN VR 1 P
g (spv) 2 2(s{m) (spve) 2 2(s{m)
1 <1 ﬁ>21’+<1+ b)ZP —1 1
S5 — Vabk = aby -
2 2 2 Z(S]jyk) (4akbk — 1)(52)//()
2 —a (1 2p a ( 1 >2P
- S aby) A s+ Vb
(4arby — 1) (s} i) <2vakbk (2 * k> 2 ah \2 VO

1
(4arbe — 1) (s] yi)’
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-
Sopr1 = (%_nzpykyk>

2 2sev)

_ —@((;_@)m_ ;+\/m<7k>zp> (2( —dapbi — 1 )

2ay, 4arby — 1) (s, ye)

2by 1/1 2p 1(1 )21’
- N z=Vab) +=(z+Vab) -1],
(4arby —1)(s] e) (z (2 U ’<> 2 \2 TV Tk

Yop+1 = Bp_ Mapsi
g 2 2siv)

- _\2/4?<<;_m>2p_<;+\/@)2p> (2( —dayby — 1 )

dagb — 1) (s y)

2a; 1 1 2p
- = = by) —1
(4arbi— 1) (s 1) (2 ( (z TV k) ) ’

which completes the proof. n

2p
— 1/ akbk> +

DI —
R =

The previous theorem allows us to rewrite My, as

M1 =141, (Sky;j + Yisy ) + 828Kk + PV (24)

which makes it more suitable for numerical programming. According to Theorem 3,
M4 can be modified as

Mt _{ (24) otherwise. (25)

Additionally, we obtain the descent conjugate gradient algorithm as
Algorithm 1 Generalization of Perry’s Powers (GPP)

Step 1. Give an initial point xy and € > 0. Set k = 0.

Step 2. Calculate go = g(xo). If ||gx|| < €, then stop, otherwise let dy = —go and
continue with Step 3.

Step 3. Calculate the step length o with strong Wolfe line search conditions (4)
and (5).

Step 4. Set x; 1 = x; + oy dy.

Step 5. Calculate g1 = g(Xkt1)-

Step 6. If ||gx11|| < €, then stop.

Step 7. Calculate the direction dyy; via (20) where M| is computed by (25). Set
k = k+ 1, then go to Step 3.
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4. Global convergence result

In this section, we analyze the our algorithm’s global convergence of our algo-
rithm using spectral theory tools. Earlier, we introduced the following hypotheses
about the objective function f(x).

H1 f is bounded below in R" and is continuously differentiable in a neighborhood
N of the level set S = {x € R" f(x) < f(x0)}, where x is the starting point of the
iteration.
H2 The gradient of f is Lipschitz continuous over N, i.e. there is a constant L > 0
such that

IVF(&) = V)l < L[1x - x]].

Lemma 1 Supposing that the hypotheses H1 and H2 are satisfied and the sequence
{x1 }1 is generated by (2) and oy are determined such that the Wolfe conditions hold,
the Zoutendijk condition is

= Td 2
Z (gk k) < oo,
k=0

PROOF See [21]. ™

Next, for an objective function satisfying H1 and H2, the spectral condition theorem
of the global convergence in [20] is introduced as:

Theorem 4 Let the objective function f(x) satisfy H1 and H2. For the nonlinear
conjugate gradient method, its iterative sequence is generated by (2) and its line
search directions are calculated by

dy=-g
26
{ dit1 = —Mi+18k+1, Vk>1, (26)

such that the sufficient descent condition (6) holds, and that o4 are determined in
a way such that the Wolfe conditions hold and

s

(A )2 = oo, (27)

k=1

—+ . . .
where, A, | is the maximum eigenvalue of My 1. Then

liminf||g.|| = 0. (28)
k—ro0

Moreover, if 7Lk++ | <A, where A is a positive constant, then

lim ||g«/| = 0. (29)
k—ro0
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Remark 1 If M is an symmetric positive definite matrix, then the spectral condi-
tion (27) can be rewritten as

(K2 (Ms1)) ™% = oo, (30)

s

k

1

where K is the spectral condition number of My ;. O

PROOF Supposing that, by contradiction, there exists ¥ > 0 such that ||gx|| > v for
all k > 1. Then, from (26) and the fact that M}, is an symmetric positive definite
matrix, it follows that

i1l = g1 My 1 Mics 18t < k+l) 8l (31

and that,

—_ \2
(8141dk41)? S (M) g l*
2 2 = 2
it [IPlges1 12— (A8 ) lgas |14

= (ko (Mi11)) 2,

cos’ 6, =

where, 6 is the angle between dj | and (—gx1). Thus,

Y lgks1llPcos’6 > ¥ Z Ko (Myy1) 2 = +oo, (32)
=) =0

which contradicts the Zoutendijk’s condition

g dk+1
Y llgks1]*cos? 6 < Z kjil 7 < oo (33)
k>0 k=0 sl

This latter contradiction implies that the results of Lemma 1 are true.
Hence, liminf||g|| = 0. n
k—yoo

5. Numerical results

In this section, we discuss the efficiency of our new version of GPP algorithm
by comparing it with the CG-DESCENT algorithm of Hager and Zhang [22], the
mBFGS algorithm [23] and the SPDOC algorithm [24]. To determine the perfor-
mance of all algorithms on a set of unconstrained optimization test problems [25],
each problem is tested for a number of variables: 2, 10, 50, 100, 1000, 1500, 2000,
5000, and 10000 so that the total number of test problems is the 80 unconstrained
problems. We run them on a PC with the next specifications Intel(R) core (TM)i5
CPU 650 @ 3.20 GHz, 3.00 Go RAM. Using the strong Wolfe line search condi-
tions with 6 = 0.0001, o = 0.1 and the termination criterion for all the algorithms
llgx||* < 107°, we adopt the performance profiles given by Dolan and Moré [26] to
compare the performance.
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Before doing so, we choose the best value of p. As it is shown in Figure 1la,
the new method with p = 3 performs better than p = 1, p = 4. Figures 1b and 2a,b
represent the performance profile measured by CPU time, the number of iterations
and the number of functions and gradient evaluations, respectively. All figures show
that the proposed algorithm in this paper performs substantially better than that of the
CG-DESCENT, the mBFGS and SPDOC.
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Fig. 2. Performance profile for the number of iterations (a), functions and gradient evaluations (b)

6. Conclusion

In this paper, we have proposed a conjugate gradient method based on Perry’s
idea with modification. An important property of our proposed method is to ensure
the sufficient descent using any line search, and we showed that it is globally con-
vergent for general functions. We confirmed the effectiveness of our method using
the performance profile. By varying the exponent p € N*, we had found that p =3
was seemingly the optimal one for bettering the performance on, virtually, all the
scales (CPU time, the number of iterations and the number of functions and gradient
evaluations).
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In our future works, we will consider more thoroughly exploring and investigating
the possible reasons why p = 3 is (seemingly) the one exponent choice that renders
our method’s performance as well as possible.
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